Multi-scale modeling of GMP differentiation based on
single-cell genealogies
Carsten Marr1,*, Michael Strasser1,*, Michael Schwarzfischer1, Timm Schroeder2 and
Fabian J. Theis1,3
1 Institute of Bioinformatics and Systems Biology, Helmholtz Zentrum München – German Research Center for Environmental Health,
Neuherberg-Munich, Germany
2 Stem Cell Dynamics Research Unit, Helmholtz Zentrum München – German Research Center for Environmental Health,
Neuherberg-Munich, Germany
3 Institute for Mathematical Sciences, Technische Universität München, Garching, Germany

Keywords
approximate Bayesian computing; branching
process; differentiation; hematopoiesis;
stochastic gene expression model
Correspondence
Carsten Marr, Institute of Bioinformatics
and Systems Biology, Helmholtz Zentrum
München – German Research Center for
Environmental Health, Ingolstädter
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Hematopoiesis is often pictured as a hierarchy of branching decisions,
giving rise to all mature blood cell types from stepwise differentiation of a
single cell, the hematopoietic stem cell. Various aspects of this process have
been modeled using various experimental and theoretical techniques on
different scales. Here we integrate the more common population-based
approach with a single-cell resolved molecular differentiation model to
study the possibility of inferring mechanistic knowledge of the differentiation process. We focus on a sub-module of hematopoiesis: differentiation
of granulocyte–monocyte progenitors (GMPs) to granulocytes or monocytes. Within a branching process model, we infer the differentiation probability of GMPs from the experimentally quantiﬁed heterogeneity of
colony assays under permissive conditions where both granulocytes and
monocytes can emerge. We compare the predictions with the differentiation
probability in genealogies determined from single-cell time-lapse microscopy. In contrast to the branching process model, we found that the differentiation probability as determined by differentiation marker onset
increases with the generation of the cell within the genealogy. To study this
feature from a molecular perspective, we established a stochastic toggle
switch model, in which the intrinsic lineage decision is executed using two
antagonistic transcription factors. We identiﬁed parameter regimes that
allow for both time-dependent and time-independent differentiation probabilities. Finally, we infer parameters for which the model matches experimentally observed differentiation probabilities via approximate Bayesian
computing. These parameters suggest different timescales in the dynamics
of granulocyte and monocyte differentiation. Thus we provide a multi-scale
picture of cell differentiation in murine GMPs, and illustrate the need for
single-cell time-resolved observations of cellular decisions.

Introduction
The generation of blood cells involves a complex,
highly regulated set of processes. According to the current paradigm, hematopoiesis may be pictured as a

tree made up from a concatenation of branching decisions [1]. Starting from a hematopoietic stem cell, all
mature blood cell types are generated via progenitor

Abbreviations
CMP, common myeloid progenitor; G, granulocyte; GMP, granulocyte–monocyte progenitor; M, monocyte; MPP, multipotent progenitor.
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states, where the lineage potential is reduced in each
differentiation step. To replenish granulocytes (G) and
monocytes (M), for example (blood cells with important function in immune response and phagocytosis
[2]), a hematopoietic stem cell differentiates to a multipotent progenitor (MPP), a common myeloid progenitor (CMP) and a granulocyte–monocyte progenitor
(GMP), before the ﬁnal lineage decision between G
and M is made (see Fig. 1A). Because of easy experimental access, the blood system has been studied for
many decades. Although details of the hierarchical differentiation have been revealed, together with the
increasing speciﬁcity of cell state markers, the tight
balance between blood cell numbers and the inter-regulation of the involved processes are far from understood.
To obtain mechanistic insights into this dynamic
equilibrium, various aspects of hematopoiesis have
been modeled on very different scales [3,4]. Almost
50 years ago, growth of murine spleen colony-forming
cells was interpreted within the framework of branching processes [5]. Recent advances of the method
include multi-type branching models [6] and the incorporation of correlation between cells [7]. The dynamics
of lineage speciﬁcation has been modeled using competing lineage propensities [8], from the perspective of
dynamic systems [9], and using a compartment model
A
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Erythrocytes
Megakaryocytes

CMP
HSC

with a focus on cell–cell communication [10,11], for
example. On a meso-scale, we recently constructed and
validated a Boolean model of 11 myeloid transcription
factors based on literature evidence [12].
On a smaller scale and with a focus on the intrinsic
mechanism, hematopoietic branching decisions have
been modeled, for example with a gene toggle switch
of two mutually repressing genes. This approach
allows molecular details to be linked to an attractor
landscape that determines the dynamics and stable
states of the differentiating cells [13]. In particular, the
myeloid lineage decision of CMPs has been scrutinized
in a number of studies [14–18]. From a mechanistic
perspective, deterministic [19,20] and stochastic [21–25]
toggle switch models have revealed various aspects of
the possible dynamics and the emerging attractor landscape. At the molecular scale, we recently showed that
inclusion of mRNA levels in a stochastic toggle switch
model leads to multi-attractor dynamics, a feature that
is only observable with a considerably detailed description of gene expression [26].
Here, we study the differentiation probability of a
GMP using a multi-scale modeling approach, and
compare it to experimental evidence. First we show
what conclusions can be drawn from a standard
colony assay of sorted undifferentiated GMPs. Using a
branching process description, we can solve a recursive
B
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Fig. 1. Hematopoietic differentiation and branching process model. (A) Hematopoiesis is currently viewed as a hierarchy of differentiation
processes [27]. From a hematopoietic stem cell (HSC), mature blood cells are replenished via a series of progenitor cells with limited potential. MPP, multipotent progenitor; CMP, common myeloid progenitors; MEP, megakaryocyte–erythrocyte progenitor; GMP, granulocyte–
monocyte progenitor; CLP, common lymphoid progenitor. (B) Branching process model of GMP differentiation. In one cell cycle, a GMP will
either differentiate (with probability k) or divide (with probability 1 ) k). If it differentiates, it will decide on either the granulocyte (G) or the
monocyte (M) lineage, with probabilities pG and pM, respectively. In the chosen lineage (G or M), cells keep dividing. (C) The branching process leads to genealogies with distinct probabilities for homogenous and heterogenous trees. The probabilities for the three homogeneous
G trees shown are kÆpG, (1 ) k)(kÆpG)2 and 2(1 ) k)2(kÆpG)3, respectively. Dashed lines represent undifferentiated GMPs; solid lines represent
differentiated granulocytes. Time runs downwards in units of generations.
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equation that describes the probability for a homogeneously differentiated tree. Based on three observables
(the relative abundance of homogeneous G and M colonies and the abundance of heterogeneous colonies),
we can infer three probabilities: the probability of differentiating before division, which we assume to be
time-independent, and the probabilities of choosing
one or the other lineage. In contrast to the genealogies
emerging from this model, we ﬁnd that the differentiation probability in the genealogies from single-cell
time-lapse microscopy data rises with time.
We then demonstrate how a molecular toggle switch
model with stochastic gene expression can induce time
dependence in the differentiation probability. This
model operates on a smaller scale, and explicitly considers the mutual inhibition of the two transcription factors
of the toggle switch. However, the molecular identities
of the transcription factors are still under debate. After
making a couple of assumptions about the molecular
interactions of the associated genes, we infer parameters
using approximate Bayesian computing, and discover
different time scales for the granulocyte and monocyte
differentiation dynamics.

bility for this tree is simply kÆpG. Also, the ﬁrst cell may
divide before it differentiates, but both daughters differentiate before they divide again, leading to a probability
of (1 ) k)(kÆpG)2. Alternatively, one of the two daughters may not differentiate but both granddaughters do.
The probability for this is 2(1 ) k)2(kÆpG)3, where the
factor 2 accounts for the two symmetrical genealogies.
We can easily calculate the probabilities of differentiating cells and emerging genealogies within the
branching process formalism. Let us clarify our
nomenclature by comparing the differentiation process
with a simple Bernoulli trial, in which balls are drawn
out of a box containing black and white balls. The
‘success rate’ for drawing a black ball in each trial is
constant (if drawn balls are replaced) and corresponds
to the relative number of black balls in the box. The
probability of drawing the ﬁrst black ball after exactly
n trials follows a geometric distribution. Similarly, the
probability that a cell differentiates exactly in generation g, termed P(g), follows a geometric distribution,
where the success rate is the differentiation probability
k:
PðgÞ ¼ kð1  kÞg ; g 2 N0

Results
GMP differentiation as a branching process
We ﬁrst describe the time evolution of a GMP as a
branching process [28]: a GMP differentiates with
probability k into a granulocyte (G) or a monocyte
(M), or it divides with probability 1 ) k into two identical GMPs (see Fig. 1B). A differentiating GMP
chooses the G and M lineage with probabilities pG and
pM = 1 ) pG, respectively. Once differentiated, granulocytes and monocytes keep dividing. The assumptions
on which this stochastic model is based are (a) independent decisions of GMPs, (b) a time-constant differentiation probability k(t) = k, (c) symmetric divisions
so that a GMP divides into two identical progenitors,
and (d) irreversible transitions to the differentiated
states. Note that we neglect cell death, and the time
unit in the branching model is ‘cell cycle’ or ‘generation’. Thus, it operates temporally on a coarse-grained
level, as neither cell-cycle effects nor molecular mechanisms are taken into account.
Using this branching process model, we can generate
genealogies and quantify their probability (see Fig. 1C).
For now, we focus on homogeneous trees, i.e. trees
where all leaves (cells with no descendants) differentiate
towards the same lineage. The simplest way to create a
homogeneous G tree, for example, is if the ﬁrst cell in
generation 0 differentiates before it divides. The proba3490

ð1Þ

We are interested in the probability RG for a tree to
be homogeneously differentiated towards G at all
leaves. We can formulate this by assuming that either
the ﬁrst cell differentiates to G, with probability kÆpG,
or it ﬁrst divides, with probability (1 ) k), and both
daughters differentiate at some point later, with probability (RG)2. This gives rise to the recursive equation
RG ¼ k  pG þ ð1  kÞðRG Þ2

ð2Þ

which is similar to the classical formulation of the Galton–Watson process [29]. A symmetric equation holds
for RM. Both can be solved, yielding
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 þ 1  4ð1  kÞk  pG
ð3Þ
RG ¼
2ð1  kÞ

RM ¼

1þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1  4ð1  kÞk  pM
2ð1  kÞ

ð4Þ

Finally, the probability of observing an heterogeneous
tree with both G and M cells is
RGM ¼ 1  RG  RM

ð5Þ

Solving eqns (3)–(5) for the differentiation probability
k yields
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k¼

RG ðRG  1Þ þ RM ðRM  1Þ
ðRG Þ2 þ ðRM Þ2  1

ð6Þ

A

Similarly, we can determine the probabilities towards
the one and the other lineage using
RG ð1  RM Þ þ ðRM Þ2  1
RG ðRG  1Þ þ RM ðRM  1Þ
pM ¼ 1  p G

ð7Þ

ð8Þ

We can use eqns (6)–(8) to calculate k from the fraction of heterogeneous (RGM), homogenous G (RG) and
homogeneous M (RM) colonies in colony assay experiments. Here, cells are plated at clonal density, meaning
that every single cell gives rise to a single clearly distinguishable colony (see Fig. 2A). A colony assay of
sorted GMPs performed previously [30] revealed a
high sorting purity: only < 3% of the colonies contain
erythrocytes and ⁄ or megakaryocytes or blast cells.
Excluding the < 3% other colonies, 55 ± 7% of colonies are homogeneous G, 23 ± 6% of colonies are
homogeneous M, and 22 ± 5% of colonies are mixed
GM colonies (mean ± SD) (see inset in Fig. 2B).
Using these numbers, we ﬁnd that the differentiation
probability k of our model is 66 ± 10%. GMPs
choose the G lineage with pG = 0.67 ± 0.05, and the
M lineage with pM = 0.33 ± 0.05 (see Fig. 2B) under
permissive culture conditions (interleukins 3 and 6,
and stem cell factor (SCF)) that allow GMPs to
differentiate into both lineages.
GMP differentiation probability from single-cell
time-lapse microscopy data
We now compare the probabilities derived from the
colony assay with tree data from single-cell time-lapse
microscopy. In previous experiments [30], GMPs were
sorted with a purity > 95%. Sorted cells have been
imaged, tracked [32] and analyzed for up to 5 days
under permissive conditions (interleukins 3 and 6, and
SCF), allowing differentiation into both granulocytes
and monocytes. To monitor the loss of the GMP state
(see trees in Fig. 3), LysM::GFP mice [33], which
express enhanced GFP from the lysozymeM locus as a
marker for uni-lineage commitment, were used in the
experiments. The onset of a ﬂuorescent signal in a cell
is annotated in the data, and indicates irreversible loss
of bi-potency. All cells are tracked until marker onset,
if they have not died or been lost to tracking
previously. After marker onset, tracking is normally
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Fig. 2. Differentiation probability inferred from colony assay data.
(A) In the colony assay used in this analysis [30], each progenitor
cell gives rise to a single, distinguishable colony. The relative frequency of colonies containing cells of lineages other than G or M
was < 3%, and these have been ignored. (B) The differentiation
probability k of the branching process model, inferred from the colony assay data, is 0.66 ± 0.10% (mean ± SD). Moreover, we can
determine the probability of choosing the granulocyte lineage
(pG = 0.67 ± 0.05) or the monocytic lineage (pM = 0.33 ± 0.05)
under permissive culture conditions (interleukins 3 and 6, and SCF)
allowing differentiation to both G and M. Inset: The relative frequencies of GM, G and M have been re-scaled. Only 22 ± 5% of
the colonies are heterogeneous, while 23 ± 6% are homogeneously M, and 55 ± 7% are homogeneously G. The error bars correspond to one standard deviation as determined from five
replicates of the colony assay.

stopped after a couple of time points, but occasionally
is continued to the next generations (see Fig. 3A for
three examples of tracked trees with marker annotation). The marker onset times for all cells in all trees
with ﬂuorescent signal (100 of 143 trees) are shown in
Fig. 3A. The number of possible onsets per tree is
given by the number of cells present, and thus
increases with time and the number of branches. Interestingly, many trees show late and synchronous marker
onset. This contradicts the expectation from the
branching process model, where the probability
for a synchronous marker onset in generation g is
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Fig. 3. Analysis of GMP genealogies from single-cell time-lapse microscopy. (A) LysM::GFP marks the loss of bi-potency. We show the
onset time in days for 100 trees under permissive culture conditions (interleukins 3 and 6, and SCF) allowing differentiation of both G and M
cells [30]. In each tree, multiple marker onsets were observed, depending on the number of leaves. We observe more late and synchronous
onsets than expected from the branching process model with the parameters inferred from the colony assay data. In the three tree examples shown on the right, marker onset is indicated by the change from gray to black lines. Each tree is identified by its position and its tree
number. (B) We assume that LysM::GFP is an instant marker of differentiation. The differentiation probability k(g) inferred from the genealogy data (open circles) depends on the generation within a tree. This is in contrast to the time-independent k of the branching process
model (filled circles). Error bars indicate 95% confidence intervals, and were determined using the Clopper–Pearson method [31]. (C) The
probability that a cell differentiates exactly in generation g, P(g), decreases less sharply than predicted by the branching process model. To
calculate the errors, we propagated the larger of the two confidence intervals. Note that cells in generation 0 have not been tracked from
birth and a bias towards undifferentiated cells may apply. Thus this data point is disregarded.

k2g (1 ) k)2g ) 1 for g ‡ 1. For example, we found 13
of 100 trees with a synchronous onset in generation 2,
but the probability of this occurring is below 1% if we
consider the branching process model with k = 0.66
as inferred from the colony assay data.
We thus wished to analyze the differentiation probability k for different generations in genealogies under
permissive conditions. Below, we use LysM::GFP marker onset as an instant reporter for differentiation.
Limitations of this assumption are considered in the
Discussion.
We divide the number of differentiating cells in generation g (as indicated by LysM::GFP marker onset)
by the total number of cells in generation g. In contrast to the branching process model, where we
assumed k to be constant over generations, we observe
an increase of k with generation g (Fig. 3B). If we disregard generation 0 (as cells have not been tracked
from birth but from the start of the experiment, and
thus a bias towards LysM::GFP-negative cells may
apply), k increases from  35% in generations 1, 2
and 3, to 100% in generation 7, when all cells differen3492

tiate (see Fig. 3B). This generation-dependent differentiation probability results in a less sharp decrease of
the probability density P(g) for a cell to differentiate
in generation g. Figure 3C shows that the probability
of differentiating in generation 5 is still well above 5%,
which is in stark contrast to the predictions from the
branching process model.
The differentiation probability k(g) deﬁned above
describes the probability that a cell differentiates in
generation g given that it reaches generation g. In biomedically motivated survival analysis and reliability
theory in engineering, analogous concepts are called
hazard function and failure rate, respectively [34].
Time-dependent hazard functions and failure rates
emerge quite naturally from aging or erosion, for example. In the case of GMP differentiation, a time-dependent differentiation probability may occur for a
number of reasons: the medium conditions may change
over time, cell–cell signaling may have an effect as the
cell density increases, or an inherent program may
increasingly force the cells to differentiate. However,
the assumption of a generation-independent k in our
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j
G

branching model requires re-setting of the GMP after
each division to its default progenitor state. Below we
describe a mechanistic, molecular model of the
differentiation process, and show that a time-dependent
differentiation probability emerges naturally in this
model.

DimerG ! 2  ProteinG
dG

DimerG ! [
sþ
G

DimerG þ DNAM ! DNAbound
M
s
G

Molecular toggle switch model

DNAbound
! DimerG þ DNAM
M

The molecular details of GMP differentiation are still
under debate. The most detailed contribution comes,
to the best of our knowledge, from Laslo et al. [35].
Here, the authors proposed that mutual antagonism
between the transcription factor Gﬁ-1 and the integrated monocytic factor EgrNab (encoded by the genes
Egr-1, Egr-2 and Nab, which have redundant molecular functions) mediates the lineage choice of GMPs.
Previous analyses suggested a pivotal role for the transcription factors PU.1 and C ⁄ EBPa, which are both
required for generation of GMPs [36,37]. One hypothesis links the ratio between PU.1 and C ⁄ EBPa to a primary cell-fate decision [38], and there is also evidence
that other factors are involved in the differentiation
process [2,12]. Although it has been unambiguously
shown that cytokines can affect the lineage decision
[30], the intrinsic toggle switch appears to be determined by the antagonistic Gﬁ-1 and EgrNab [39].
Assuming that two antagonistic transcription factors
control the intrinsic GMP lineage decision that drives
differentiation towards granulocytes and monocytes
under permissive conditions, we established a chemical
reaction kinetics model of a toggle switch involving a
granulocytic transcription factor (potentially Gﬁ-1)
and a monocytic transcription factor (potentially EgrNab). We describe the mutual inhibition of the two
respective genes using a one-stage model of gene
expression, where transcription and translation are
lumped together, and with mutual inhibition being realised as DNA–protein binding (see Fig. 4A). The
model may be represented as a set of biochemical reactions and a set of reaction rates. The seven reactions
describing the synthesis and binding of the granulocytic transcription factor (indexed with G), with symmetric reactions (but potentially different rates) for the
monocytic transcription factor (indexed with M) are:
aG

DNAG ! DNAG þ ProteinG
dG

Protein ! [
jþ
G

2  ProteinG ! DimerG

ð9Þ
ð10Þ
ð11Þ

ð12Þ
ð13Þ
ð14Þ
ð15Þ

Reaction (9) corresponds to protein synthesis from an
unbound promoter. Transcription and translation are
aggregated into a single reaction. In general, one should
consider extending the above system by explicit transcription and translation reactions, if no clear time-scale
separation in the decay rates of mRNA and protein
applies. In addition to being more detailed, such a twostage gene expression model [40] can induce two undecided and two decided attractors [26]. Here, we chose
the one-stage model, not only for the sake of simplicity
but also because the simpler model reﬂects the type of
observed data more naturally, where we are unable to
discriminate between one or two undecided GMP states.
Proteins can either degrade, as shown in reaction
(10), or form homodimers, as shown in reaction (11).
Homodimers dissociate into two monomers in reaction
(12) or are degraded in reaction (13). We assume that
the homodimers are degraded at the same rate as
monomers. Reactions (14) and (15) describe the binding and unbinding of a homodimer to the antagonistic
gene, and thereby transition from an active to an inactive promoter and vice versa. Bound DNA cannot be
transcribed, and only dimers can inactivate the promoter. Note that cooperative binding via dimerization
is solely included to stabilize the system: Non-cooperative one-stage switches quickly forget a differentiation
decision [41] and are therefore inadequate in the
context of lineage choice.
The above reactions specify the possible transitions
between all states x 2 ðNÞ80 in the state space of the
system. The master equation [42] describes the time
evolution of the probability for being in state x, P(x), as
dPðxÞ X
½wxx0 Pðx0 Þ  wx0 x PðxÞ
¼
dt
x0

ð16Þ

The ﬁrst term considers transitions from states x¢
with rate wxx¢ to state x, while the second term
accounts for transitions from x to all other possible
states x¢ with transition rates wx¢x. For complex systems, the master equation cannot be easily solved.
However, it can be simulated using Gillespie’s algorithm [43]. After a transient time, the simulation leads
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Fig. 4. Molecular toggle switch model. (A) The complex interactions between monocytic and granulocytic factors are simplified as two
mutually inhibiting transcription factors, referred to by the indices G and M. DNAG is transcribed to ProteinG, which can bind in a dimerized
form to the promoter at DNAM and inhibit its transcription. The same reactions apply for the monocytic transcription factor. (B) Plot of the
resulting state space, with three clearly discernible attractors appearing as regions with high probability (black) for the two parameter sets h1
and h2. The eight-dimensional state space is projected onto the NG, NM plane, showing the total amount of either protein in the system. The
central attractor represents the undifferentiated GMP, while the distant attractors represent differentiated cells. The )log10 probability of the
steady state is indicated by shades of gray as defined on the right. (C) Probability distributions of the first-passage time from the central
attractor to one of the two decided attractors for the two parameter sets h1 and h2 used in (B). Dashed vertical lines represent the mean
cell-cycle length for GMPs, tcc ( 12 h), as inferred from the genealogies. (D) Generation dependence of the differentiation probability k(g)
for various parameters of the molecular model. The protein decay rate d and the total protein amount of the dominating transcription factor
in the decided attractor, N a, determine the position and the slope of onset of k. (E) Differentiation bias pG as a function of the binding
strength of the granulocytic homodimer with, Hill functions fitted to the data. The sensitivity of the switch to asymmetry in the binding rates
increases with the number of proteins in the system. The parameter sets used are given in Table S1.

to a quasi-steady state, where the probabilities in state
space no longer change: dP(x) ⁄ dt = 0. For appropriate parameters (see Doc. S4 and Table S1), we ﬁnd
that the molecular model (Fig. 4A) induces three
regions of high probability in state space, referred to
as attractors of the system (see Fig. 4B). In the spirit
of Waddington’s landscape [44], one can associate different cell fates with these attractors. The central
attractor represents the undifferentiated GMP state, as
both lineage-determining factors are present only in
small amounts, neutralizing each other. The two distant attractors represent the differentiated granulocyte
and monocyte cell fates, where the corresponding lineage-determining factor is abundant but its antagonist
is completely absent. These are referred to as decided
attractors.
The two parameter sets h1 and h2 (see Table S1)
result in different steady-state distributions, as shown
in Fig. 4B, and thus different ﬁrst-passage times, as
shown in Fig. 4C. The ﬁrst-passage time is deﬁned as
3494

the time required to leave the central attractor and
reach any of the decided attractors of the system [45],
and can be calculated from the simulations of the toggle switch model (see Docs S1 and S2). Figure 4C
shows the ﬁrst-passage time distribution for the two
parameter sets h1 and h2, resembling an exponential
distribution and a c distribution, respectively. These
are two common distributions for ﬁrst-passage times in
stochastic systems [46]. The origin of these different
distributions was studied with respect to the parameters of the system. For parameter set h1, the central
attractor is narrow and the two decided attractors are
close by in terms of protein numbers (see Fig. 4B).
Through ﬂuctuations in protein numbers, the system is
quickly driven out of the central attractor. Once it has
left the central attractor, only few synthesis reactions
are required to reach one or the other decided attractor. Therefore, the transition time between attractors is
negligible, leading to an overall exponential ﬁrst-passage time distribution whose parameters depend on the
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high rate of escape from the central attractor. For
parameter set h2, the central attractor is wider, and
therefore more time passes until the system leaves the
central attractor by chance. Additionally, signiﬁcant
time is required to bridge the distance to the decided
attractors, which is larger than in parameter set h1
(note the log scale in Fig. 4B). The small rate of escape
leads to the long tail of the ﬁrst-passage time distribution of parameter set h2 in Fig. 4C, and the time spent
moving between attractors causes a shift of the distribution to the right. The distribution in this case resembles a c distribution, which is characteristic of random
walks over long distances with a bias in one direction
[46]. The ﬁrst-passage time distributions observed in
Fig. 4C may be interpreted in the context of differentiation probability. The exponentially distributed ﬁrstpassage time corresponds to a time-independent
differentiation probability k(g) = k, as the exponential
distribution is memory-less. In this case, our simple
branching model is a valid and useful abstraction of
the system. However, if the ﬁrst-passage time follows a
non-exponential distribution (as seen in Fig. 4C), the
differentiation probability is time-dependent and the
simple branching process cannot reﬂect this property.
Our molecular model therefore can induce either timedependent or -independent differentiation probabilities,
as determined by the kinetic rates of the switch. It
shows how these two very different scenarios of differentiation can be traced to the same molecular origin:
the ﬁrst-passage time.
Next we investigate more systematically how the
time-dependence of k relies on the choice of parameters
of the molecular model. Note that we only consider
symmetric systems, i.e. the synthesis, degradation, binding and unbinding rates for both transcription factors
are the same (dG = dM = d, etc.). Figure 4D shows
k(g) for varying degradation rates d and Na = a ⁄ d, representing the protein levels of the dominant transcription factors in the decided attractor (see Doc. S1). All
curves show similar characteristics. After a transient
time, the curves grow almost linearly before asymptotically approaching an upper bound. The higher the protein levels, the later the onset of growth in the curves.
This is intuitive, as higher protein levels imply larger distances between the attractors, which sets a minimal time
before the system is able to reach the decided attractors.
The probability to observe a decided system before this
time is 0. The different asymptotics of the curves may be
attributed to the degradation rate, which sets the time
scale of the system. For a constant protein level Na, a
high degradation rate d implies a high synthesis rate a as
Na = a ⁄ d. This speeds up the dynamics of the whole
system, increasing the proportion of simulations that
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escape from the central attractor per unit time, which is
in fact k(g).
Note that we disregard the tree structure of the
genealogies in our molecular model, and instead simulate single branches corresponding to the time series of
a single cell and its ancestors. However, by calculating
the proportion of cells reaching a decided attractor
within the time window of one generation, we can calculate the differentiation probability k as a function of
the generation g, and thus establish a one-to-one correspondence between the ﬁrst-passage time in the molecular model and the probability density P(g) in the
branching process.
By adjusting the parameters of the model, we can
also simulate a biased differentiation towards the one
or the other lineage. To test this, we systematically
changed the binding strength of the granulocytic

homodimer (sþ
G =sG ) while keeping the binding strength
of the monocytic homodimer constant. All remaining
parameters are kept symmetric. In Fig. 4E, we show
how the probability pG for the granulocyte lineage
changes in response to varying binding strength. Intuitively, as both binding strengths are equal, the system
has equal probability of differentiating towards the
granulocytic or the monocytic attractor. Increasing the
binding strength sþ
G leads to stronger repression of the
monocytic factor. Similarly, a decrease of binding
strength leads to a disadvantage for the granulocytic
factor and the probability for monocytic commitment
is increased. Interestingly, the response of the differentiation bias pG to the binding strength is inﬂuenced by
the amount of proteins in the decided states N. For
low protein numbers, small differences in binding
strength of the two transcription factors still result in a
balanced decision towards either G or M (pG  0.5).
For higher protein numbers, even small differences in
binding strength will destroy the balance between the
two factors, and the favored transcription factor will
almost certainly prevail. This sensitive response is
interesting in the light of lineage instruction: in cytokine medium, Granulocyte/macrophage colony-stimulating factors (G-CSF and M-CSF) are able to instruct
differentiation with a high reliability [30].
Bayesian parameter inference identifies a scale
separation of decay rates
Having shown how different ﬁrst-passage times and
probabilities of commitment towards one or the other
lineage emerge from a simple model of a toggle switch,
it is now possible to ﬁt the model to observed quantities in order to estimate molecular rates in a proof-ofconcept way.
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Analytical expressions of the ﬁrst-passage time distribution and the lineage probabilities for the toggle
switch are hard to derive. Therefore, we have to resort
to approximate Bayesian computing [47] to infer
molecular parameters from the observed differentiation
and commitment probabilities. Approximate Bayesian
computing allows parameter inference even though no
analytical expression for the likelihood of the data
given the parameters is available. The method substitutes the likelihood evaluation by forward simulation
of the model and comparison of the simulated data to
the observed data using a distance function. Instead of
maximizing the likelihood, approximate Bayesian
computing searches for parameters that minimize the
distance function, thereby best ﬁtting the data.
We ﬁt the model parameters h to the data with
respect to the distance function

dðhÞ ¼ d



 

obs
phG ; kh ; pobs
G ;k



7 
 

1 1X
kh ðgÞ  kobs ðgÞ þ ph  pobs 
¼
G
G
2 7 g¼1

!

ð17Þ
where kobs(g) is the observed differentiation probability
in generation g = 1 ... 7 (depicted in Fig. 3B). Similarly, kh(g) is the differentiation probability obtained
from simulations with parameters h. Finally, pobs
G , is
the observed probability of differentiating to granulocytes (see Fig. 2) and p hG is its simulated counterpart.
Note that we use p obs
G as obtained from colony assay
data under the assumption of time-independent k.
More rigorously, p obs
G would have to be replaced by an
estimate that accounts for time-dependent k, which we
neglect in this study. The ﬁrst term on the right side of
eqn (17) quantiﬁes how closely the parameter h can
reproduce the observed differentiation probabilities,
whereas the second term quantiﬁes its match to the
observed lineage bias.
We used a standard ABC algorithm based on
sequential monte carlo (ABC SMC) implemented by a
customized version of the ABC-SysBio toolkit [48] to
ﬁt the toggle switch model to the observed data. We
made a quasi-steady state assumption for the dimerization and DNA–protein binding reactions (see Doc.
S3), leading to six parameters to be estimated: two
synthesis rates (aG, aM), two degradation rates (dG,
þ
dM) and two dissociation constants (KG ¼ s
G =sG ;
þ
K M ¼ s
M =sM ) obtained from the quasi-steady-state
assumption. We assigned ﬂat prior distributions, constraining the parameters to biologically relevant
regimes (see Table S2 for a list of the bounds used).
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We iterated 10 populations consisting of 200 parameter sets, where kh and p hG were estimated from 1000
repeated simulations for each parameter set h. The last
population contained only parameter sets with d(h)
< 0.1, giving a good ﬁt to the data already (see
Fig. 5A). Afterwards, we calculated the probability
density P(g) from the simulated k(g), and found that,
apparently, moderate deviations in k(g) result in considerable deviations in P(g) (see Fig. 5B).
Thus, we cal-
P 
culate the distance dðPh ; Pobs Þ ¼ 7g¼1 Ph ðgÞ  Pobs ðgÞ
for each parameter set to quantify its goodness of ﬁt
within the obtained posterior distribution.
We found asymmetric protein degradation rates for
the best ﬁts to the experimental data (black dots in
Fig. 5C): a high dG implies a low dM, and vice versa.
In contrast to the protein degradation, synthesis rates
appear mostly correlated (see Fig. 5D). Therefore, the
best ﬁts result in systems where the degradation rate of
one transcription factor may be c times that of the
other (e.g. dG = c dM). At the same time, the number
of proteins separates in an inverse fashion
a
a
¼ 1=c NM
). This separation of scales induces quali(NG
tatively different k(g) curves for the two transcription
factors: with regard to the above example, the granulocytic transcription factor not only is the slope in k(g)
decreased due to a lower dG, but also the onset of k is
a
. Note that, as shown in
shifted due to the higher NG
Fig. 4D and detailed in Doc. S5, the degradation rate
d but not the synthesis rate a determines the dynamics
of the system. The differentiation probability k(g), as
observed in the time-lapse data, is thus best ﬁtted by a
system where one transcription factor decides quickly,
while the other takes longer to execute the differentiation decision. Interestingly, both transcription factors
can act as the slow or the fast species in the system,
implying that the asymmetry in degradation rates is
independent of the lineage bias, i.e. the preference for
one cell fate (pG > pM) does not induce separation of
scales in the differentiation dynamics, but only the
shape of k(g).

Discussion
Here we have illustrated how to link a branching process model to the molecular model of a toggle switch
based on colony assay data and cellular genealogies
from time-lapse microscopy. We report a discrepancy
between the branching process with time-independent
k and the generation dependent k(g) observed in trees
from single cell time-lapse microscopy. We are not the
ﬁrst to state limitations of this simple branching process model [49]; however, we do outline possible extensions. First, the explicit time dependence of k can be
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A

B

C

D

Fig. 5. Inference of model parameters using approximate Bayesian computing. (a) Fit of the best five parameter sets (gray) to experimentally
observed k(g) (black). (B) The corresponding probability densities P(g) show considerable deviations from the observed data due to their high
sensitivity to small errors in the fit to k. (C,D) Scatter plots of the degradation rate (C) and synthesis rate (D) in the last iteration of ABC
sequential monte carlo algorithm. (population size increased from 200 to 600 by re-sampling). The distance d(P h, P obs) of each parameter
set h to the observed probability densities P(g) as shown in (B) is indicated by shades of gray as defined on the right, where black corresponds to small distance. Interestingly, the best fits show a split of the decay rates of the two transcription factors, implying that differentiation towards one lineage is quick, while the other needs more time to reach the decided attractor.

incorporated into the branching process. However,
within this framework, it is impossible to reconcile the
lineage probabilities pG and pM inferred from the colony assay with the k(g) from the time-lapse experiments (data not shown). Second, a delay between loss
of bi-potency and marker onset would shift onset
times, allowing later onsets as observed in Fig. 3A.
However, mere inclusion of a delay will not result in a
generation-dependent k(g), but only in a shift of the
constant differentiation probability k. Moreover, a
constant delay of, say, one generation is incompatible
with cells differentiating in generation 0, as observed
in the time-lapse data. Application of a more sophisticated methodology, such as the concept of hidden trees
as described previously [50], appears promising to
account for marker delay and possibly allows inference
of the exact time of differentiation. Third, a heterogeneous differentiation status of the GMPs, induced by
an impure sorted population of starting cells, may
induce the observed time dependence of the differentiation probability. However, the effect of the contributing populations and their respective mixing is beyond
the scope of the present study. Fourth, to account for
the synchrony of marker onsets between sister and

cousin cells, which are ignored in the molecular model,
either spatial correlations via cell–cell signaling, medium change or marker delay should be incorporated in
an extended version of the model. Finally, inclusion of
cell death would alter the differentiation probability
inferred from the colony assay data. For the permissive culture conditions used in the experiments [30],
the exclusion of cell death appears to be an appropriate assumption, as the combination of interleukins 3
and 6 and SCF leads to strong proliferation and only
limited cell death.
Most importantly, we showed how the observed
time-dependent differentiation probability can emerge
from a molecular toggle switch model for appropriate
parameter sets. From our simple parameter ﬁtting
approach, we conclude that one can extract valuable
information about molecular parameters from macroscopic observables such as P(g) and pG derived from
genealogies only, without observing the time courses of
the toggle switch system directly. This suggest that the
parameters of more realistic but more complex models
are still identiﬁable if one combines genealogies and
time-lapse ﬂuorescence microscopy. In a possible
extension, the mRNA stage of gene expression may be
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included, as this changes the overall dynamics of the
toggle switch by introducing multiple progenitor states
[26]. In such a model, progenitor cells consist of two
distinct sub-populations, each inclined towards one
lineage. However, the prediction derived from the simple toggle switch considered here is the split into a
quick and a slow differentiating lineage induced by
clearly differing decay rates of the antagonistic transcription factors.
In summary, we show that, while the bulk data from
a colony assay provides indications of the differentiation
dynamics, only time-lapse microscopy followed by cell
tracking can reliably reveal dynamic features at the single-cell level: generation times, marker onsets, and subsequently the generation-dependent differentiation
probability. In contrast to the expectations from the
branching process, loss of bi-potency of GMPs (as
detected by marker onset) appears later and in a more
synchronized fashion. In a future analysis, additional
features of the time-lapse microscopy data, such as cell–
cell contact or morphological changes, may be taken
into account. Finally, using a data set with lineage annotations, it may be possible to infer more molecular
parameters and test the prediction of our model: a difference in differentiation dynamics of the two lineages.
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Doc. S3. Quasi-steady state approximation used in the
approximate Bayesian computing.
Doc. S4. Parameters used in the simulation.
Doc. S5. Effect of degradation rate on the time scale
of attractor transitions.
Table S1. Parameter sets for the molecular model used
in Fig. 4B,C.
Table S2. Bounds of the uniform priors.
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online version of this article.
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