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SUMMARY
In this paper, we define a robustness measure for gene regulation networks, which allows to quantify how
well a given model structure can reproduce a desired steady-state pattern in the absence of detailed knowledge about the kinetic mechanisms and parameters. To develop this measure, a modeling framework is
introduced, which is able to represent the qualitative knowledge typically available for gene regulation
networks. With this framework, the robustness measure as well as tools for its efficient computation are
developed. The benefit of our method is twofold: On the one hand, it allows to compare the robustness properties of different model structures and thus may help modelers to decide which model is biologically more
plausible. On the other hand, the most fragile interconnections within a network can be detected. To demonstrate its use, the new method is applied to various models of a gene regulation network, which is responsible
for the maintenance of the mid-hindbrain boundary. We find that for this example system, weaker connected
networks are more robust. Copyright © 2011 John Wiley & Sons, Ltd.
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1. INTRODUCTION
Gene regulation networks are at the heart of almost all cellular processes. The information stored
on the DNA segments is transcribed into complementary messenger RNA, which is then translated
into proteins. Some of these gene products, called transcription factors, can also act back on the
transcription of other genes in an activating or inhibiting way by binding to specific sites on their
DNA strands. Closing the loop of transcription and translation in this way enables a cell to respond
to changing intracellular and extracellular conditions in an appropriate way. Well-studied systems
that involve such a feedback on the transcriptional level are, for example, the lactose utilization
network of Escherichia coli [1], which regulates the expression of the lac operon depending on the
presence of glucose and lactose, or the apoptosis signaling network [2, 3], which functions as a
switch between death or survival of a cell depending on the presence of certain proteins. In addition,
in fate determination, gene regulation networks play a crucial role. In this context, it is commonly
assumed that different cell types correspond to different stable expression patterns of the underlying
gene regulation network. Examples for that are models of hematopoietic or mesenchymal stem cells
[4,5] and for the formation and maintenance of the mid-hindbrain boundary (MHB) in mammals [6].
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Unfortunately, despite their great importance for the correct functioning of cells, the knowledge
about these networks is in general very limited. This applies for the kinetic mechanisms and parameters as well as for the interaction structure or even the involved molecular species. Although
knockout or over-expression experiments may allow for conclusions, if a certain protein is influencing the production of another protein in a positive or negative way, the exact kinetic parameters
can usually not be determined. Furthermore, common measurement techniques such as DNA chips
and western blots usually show large uncertainties. For western blots, for example, measurement
errors in the range of 15% are not unusual [7]. Moreover, many experiments yield merely relative
data as absolute values are hard to obtain.
As the first goal of this paper, we therefore want to present a modeling framework that is able
to deal with the measurement uncertainties and the uncertainties about the system itself. This
framework has already been used in [8–10] and shall be recalled here.
Considering the asymptotic behavior of gene regulation networks, multistability is a very common phenomenon. All example systems mentioned earlier indeed show this behavior, and in this
work, we want to explicitly focus on multistable networks. A natural requirement for a model of
a multistable network is that the model shows a multistable behavior too. A further goal of this
paper is therefore the development of tools to assure that the model exhibits the desired multistable
behavior, that is, the desired number and locations of the steady states.
However, when a model for a specific gene regulation network shall be developed from only qualitative information, several plausible models might be found that can all reproduce the experimental
observations. These models may, for example, differ in the ranges of the parameters or even in the
roles of certain species (A inhibits B in the first model and activates B in the second model,. . . ). The
previous study of a gene regulation network maintaining a certain expression pattern at the MHB
[6] is an example for such a situation.
The third and main goal of this paper is therefore the development of a computationally attractive
method to assess different model structures with respect to their biological plausibility. As an underlaying idea of our approach, we make use of the concept of robustness, which is defined according
to Kitano [11] as a system’s ability to maintain its function in the presence of perturbations. Assuming that biological systems have evolved such that they have become more robust against common
perturbations, we consider the most robust system, that is, the system that can tolerate the largest
perturbations until it loses its function, as biologically most plausible. In the context of this paper,
the function that shall be realized by the network is, as mentioned earlier, a specified multistable
behavior. We consider this a reasonable choice because of the importance of multistability in regulatory networks as explained earlier. A further motivation for this choice are the studies [12] and
[13]. It was shown there that the polarity segmentation regulatory network in Drosophila indeed
robustly maintains its desired multistability properties against large ranges of parameter variations.
Of course, depending on the concrete networks to be studied, also other network functions can be
reasonable. This is however not in the scope of this paper.
Several authors have studied multistable regulation networks before. Angeli and Sontag [14, 15]
found sufficient conditions for multistability in the context of monotone systems. Results about necessary conditions on the graph structure of gene regulation networks are, for example, summarized
in [16]. Robustness properties of regulation networks, modeled in different frameworks, were also
studied before in the literature. Considering Boolean models, the authors of [17] and [18] proposed
different methods for robustness analysis. For networks described by ordinary differential equations, the authors of [19] have analyzed the robustness properties of a bistable apoptosis model with
respect to intrinsic and parametric perturbations. For the same class of models, dynamic perturbations of the interactions using methods from robust control theory have been analyzed in [20].
Kinetic perturbations have been introduced in [21]. There also have been approaches focusing on
the relation between network topology and robustness. The authors of [22] have analyzed small network motifs and their stability properties, and correlated them with their relative abundance in large
regulation networks. In [23], the influence of small motifs on the performance of the whole network
is discussed. A different approach is taken in [24] and [25] where the attractor landscape of gene
regulation networks modeled in a Boolean framework is studied. The authors found that networks,
which show good robustness properties but are still able to respond to stimuli, operate close to the
Copyright © 2011 John Wiley & Sons, Ltd.
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so-called ‘critical regime’. There are also approaches that focus on the robustness of the network’s
graph structure against perturbations while not considering specific dynamic properties. In [26] for
example, the effects of concentrated versus distributed perturbations of the interconnections on a
graph property, which was called ‘network efficiency’, were studied.
Similar to a Boolean framework, our approach only uses structural information about the system
and makes no specific assumptions about the exact reaction kinetics. Only activating and inhibiting influences of transcription factors on their target genes are distinguished. This is in accordance
with our main goal to evaluate the robustness of the interaction structure itself and not of a given
set of nominal parameters. As mentioned before, we mean with robustness the ability to generate
a desired multistable behavior even in the presence of perturbations. As mutations in the promoter
regions, environmental influences such as temperature or chemicals, and inherent stochastic fluctuations can have strong effects on gene regulation, we consider variations of the activating and
inhibiting regulatory interactions as relevant perturbations.
With these assumptions, we define a robustness measure for the network that takes into account
the interaction structure and the desired number and positions of the steady states. Its computation
can be formulated as an optimization problem. In some respects, our approach also resembles fluxbalance and energy-balance analysis of metabolic networks [27,28]. Also there, the structure, that is,
the stoichiometry, is known, and only qualitative constraints on the reaction kinetics are imposed.
Another similarity is that in both approaches, an objective function is formulated. In the case of
flux-balance/energy-balance analysis, this objective function usually aims to maximize energy production, growth rate, or other biologically important factors, and shall further restrict the space of
possible steady-state flux distributions. In our case, it aims to maximize the network’s robustness.
Both methods can furthermore be used to study the influence of changes in the network structure
on the respective objective. However, the two approaches are not directly related because of the
inherent differences between signaling and metabolic networks.
The paper is structured as follows: In Section 2, we introduce a nonparametric modeling framework based on ordinary differential equations. It is shown that this framework can deal with the
uncertainties described earlier. Our approach of considering the desired steady states as forwardinvariant sets in the state space is also explained in this section. Furthermore, several definitions
needed later in the paper are given there. In Section 3, we show how the requirement for the
invariance of certain regions in the state space can be translated into conditions on the interactions between the individual species. In Section 4, the robustness measure will be defined precisely.
We also show that computing this measure can be formulated as a convex optimization problem for
special classes of systems. In Section 5, we introduce the gene regulation network that is responsible
for the maintenance of the mid-hindbrain boundary, and present several plausible model structures
that can reproduce the desired expression pattern around this boundary. These models are analyzed
with the new method in order to rate them with respect to their robustness properties. The paper
ends with a conclusion in Section 6.
2. MODELING FRAMEWORK AND PRELIMINARIES
2.1. Qualitative modeling framework
As there is usually no detailed information about the reaction kinetics, we aim to base our modeling
framework upon as few assumptions as possible. However, we will not use a Boolean framework
but prefer a model description based on ordinary differential equations. Among other advantages,
this also facilitates the robustness analysis, which is the main goal of this paper.
As discussed in Section 1, transcription factors can activate or inhibit the production of other
proteins. The first assumption is that now, this positive or negative influence can be modeled by
monotonously increasing or decreasing activation or inhibition functions whose definitions are given
next [8, 9].
Definition 1 (Activation function)
Let N 2 RC . An activation function is a function  W Œ0, 1/ ! Œ0, N / with the following:
Copyright © 2011 John Wiley & Sons, Ltd.
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(i)  is continuously differentiable.
(ii) .0/ D 0 and .x/ ! N as x ! 1.
(iii) .x/ is monotonously increasing.
Definition 2 (Inhibition function)
Let N 2 RC . An inhibition function is a function  W Œ0, 1/ ! .0, N  with the following:
(i)  is continuously differentiable.
(ii) .0/ D N and .x/ ! 0 as x ! 1.
(iii) .x/ is monotonously decreasing.
We furthermore denote the set of all activation functions N and the set of all inhibition functions
M. The symbol ' is used to denote either an activation function  2 N or an inhibition function
 2 M. Finally, S' represents the class of a function ', that is, S' D N if ' is an activation function and S' D M if ' is an inhibition function. Note that commonly used reaction kinetics such
as Michaelis–Menten or Hill type kinetics satisfy the aforementioned definitions of activation and
inhibition functions and are thus covered by this modeling framework.
With the second modeling assumption that all proteins are degraded at a rate proportional to their
concentrations, the model equations take the form
xP i D ki  xi C fi .x/,

i D 1, : : : , n,

(1)

with ki 2 RC , x D Œx1 , : : : , xn T 2 Rn , and xi representing the concentration of the ith protein
in the network. As proteins can have several transcription factors, the terms fi in Equation (1) can
take more complex forms according to our third modeling assumption: The effective influence of
several transcription factors can be represented by arbitrary sums and products of individual activation and inhibition functions. In order to achieve a compact notation for the production terms fi .x/,
we use the symbol ‘ı’, for sums ‘+’, as well as for multiplications ‘’. With these assumptions and
conventions, the general form of a production term fi .x/ can be written as
fi .x/ D 'i ,1 .xj1 / ı    ı 'i ,qi .xj qi /

(2)

with indices jk 2 ¹1, : : : , nº, k D 1, : : : , qi and qi 2 NC . To illustrate this notation, consider a function 'i ,k .xjk /. In this, the index i denotes the protein, which is regulated, the index k enumerates
the transcription factors of the regulated protein, and the index jk specifies the transcription factor.
Finally, the index qi denotes the number of transcription factors of xi . Note that self-regulation is
explicitly allowed. Furthermore, it is even possible that a transcription factor, say xj , has an activating as well as an inhibiting influence on xi . By allowing such constellations also, cases can be
modeled where, for example, xj is an activator of xi at low concentrations of xj but turns into an
inhibitor of xi at high concentrations. Using activation and inhibitions functions as defined earlier,
this case could be modeled as the product .xj /  .xj /.
Without knowledge of the reaction kinetics, the values ki and the exact shapes of the monotonous
functions cannot be specified, which leads to an uncertain model where only the interaction structure
is specified.
2.2. Measurements
As outlined in Section 1, we focus on steady-state measurements. In this context, we however suggest to treat a steady state of a gene regulation network not as a single point in the state space but
to consider a forward-invariant region. The following two arguments shall motivate this approach.
Firstly, because of differences between individual cells, the determination of an exact value for
the steady state is not possible, but rather, intervals for these concentrations should be considered. Secondly, in addition, the fact that measurements usually show large uncertainties favors the
consideration of intervals.
Furthermore, again, because of the large measurement uncertainties, only high and low concenhigh
trations shall be distinguished, and we assume that, at least approximately, values xilow , xi , and
Copyright © 2011 John Wiley & Sons, Ltd.
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ximax with 0 6 xilow 6 xi 6 ximax are known such that a low or high concentration of xi lies in the
high
interval Ixi D Œ0, xilow  or Ixi D Œxi , ximax , respectively.
With this, a steady state is represented as a hyper-rectangular set F D Ix1      Ixn , where
each interval Ixi is either a low interval, that is, Ixi D Œ0, xilow , or a high interval, that is, Ixi D
high
Œxi , ximax . Furthermore, we require this set F to be forward invariant, that is, 8x0 2 F, 8t > 0 W
x.t I x0 / 2 F, with x.t , x0 / denoting the solution of system (1) for initial condition x0 .
This concept shall be illustrated with an example. Consider the mutual inhibition network
xP 1 D k1 x1 C 1,1 .x2 /
xP 2 D k2 x2 C 2,1 .x1 /.

(3)

The phase diagram of this system is shown in Figure 1 for a specific choice of parameters k1 and
k2 and inhibition functions 1,1 and 2,1 . This specific system has two stable steady states, which
are depicted as circles. For our approach, we are not interested in their precise positions but only in
the forward-invariant sets F1 and F2 that contain the corresponding steady states.
2.3. Definitions
In Section 3, we will derive conditions on the activation and inhibition functions such that a number
of sets F´ , ´ D 1, : : : , m, is forward invariant. To arrive at these conditions, some definitions are
needed. First, the concept of tubes for activation and inhibition functions is introduced.
Definition 3


The 3-tuple of pairs of positive real numbers TN D .x low ,  low /, .x high ,  high /, .x max ,  max / such
that  low 6  high 6  max and x low 6 x high 6 x max is called tube for activation functions. Furthermore, an activation function  2 N is said to satisfy a tube TN , denoted as   TN , if the following
inequalities hold.
8x 6 x low W .x/ 6  low

(4)

8x > x high W .x/ >  high

(5)

8x 6 x max W .x/ 6  max

(6)

An equivalent definition can be given for inhibition functions.
Definition 4


The 3-tuple of pairs of positive real numbers TM D .x low ,  high /, .x high ,  low /, .x max ,  min / , such
that  min 6  low 6  high and x low 6 x high 6 x max , is called tube for inhibition functions.

high

high

Figure 1. Phase portrait and forward-invariant sets F1 D Œ0, x1low   Œx2 , x2max  and F2 D Œx1 , x1max  
Œ0, x2low  for the mutual inhibition network.
Copyright © 2011 John Wiley & Sons, Ltd.
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Furthermore, an inhibition function  2 M is said to satisfy a tube TM , denoted as   TM ,
if the following inequalities hold.
8x 6 x low W .x/ >  high

(7)

8x > x high W .x/ 6  low

(8)

8x 6 x max W .x/ >  min

(9)

If these inequalities are not satisfied, we write  ² TN or  ² TM , respectively. Furthermore,
we use T as abbreviation for both, TN and TM . A tube assigned to a monotonous function 'i ,k
will be indexed T i ,k . An exemplary tube for an activation function to illustrate the aforementioned
definitions and the meaning of the , , and x values are depicted in Figure 2.
For the definition of the robustness measure in Section 4, it will be necessary to define a measure
for the perturbation of a monotonous function. For this paper, the l1 norm is used. More precisely,
given a monotonous function ' and a perturbed function ' p 2 S' ,
Z 1
j'.x/  ' p .x/j dx
(10)
k'  ' p k1 D
0

is a measure for the perturbation of '.
3. CONDITIONS FOR FORWARD INVARIANCE
As explained in Section 1, the function that should be realized by the system is the forward
invariance of several sets F´ , ´ D 1, : : : , m. In this section, we will now derive conditions on
the monotonous functions such that these sets are indeed forward invariant. As basis for the
computations, a theorem from [29] can be used, which is recalled next.
Theorem 1 (Nagumo’s theorem)
Consider the system xP D f .x/, x 2 Rn . Let F  Rn be a closed and convex set. Then F is forward
invariant if and only if
8x 2 F W

f .x/ 2 KF .x/,

(11)

where KF .x/ is the tangent cone to F in x.

Figure 2. Illustration of a tube for an activation function and the areas A1 , A2 , and A3 as used in the proof
of Proposition 3.
Copyright © 2011 John Wiley & Sons, Ltd.

Int. J. Robust. Nonlinear Control 2011; 21:1742–1758
DOI: 10.1002/rnc

1748

C. BREINDL ET AL.

This means that at each point x at the boundary of F, the vector field has to be directed inwards
or tangent to F. Further details and explanations can be found in [29]. As the sets F´ considered in
this paper are hyper-rectangular and thus convex, Theorem 1 can be applied directly.
Proposition 1
A hyper-rectangular set F D Ix1      Ixn with Ixj D Œx j , x j  is forward invariant for system (1)
if and only if
8i 2 ¹1, : : : , nº W ki  x i C i ,1 ı    ı i ,qi > 0

(12)

where i ,k D minxj 2Ixj 'i ,k .xj / and
8i 2 ¹1, : : : , nº W ki  x i C i ,1 ı    ı i ,qi 6 0

(13)

where i ,k D maxxj 2Ixj 'i ,k .xj /.
Proof
Consider the hypersurface of the set F where xi D xi . If Equation (12) holds, then the vector field
is directed inwards F everywhere on this hypersurface. Equivalently, the vector field is directed
inwards F on the hypersurface xi D x i if Equation (13) holds.

From this proposition, we can conclude that the sets F´ , ´ D 1, : : : , m, are forward invariant if
and only if all monotonous functions 'i ,k satisfy Proposition 1 for every set F´ .
As in our case, we have no nominal system given, the values i ,k and i ,k from Proposition 1 are
unknown, and the proposition can therefore not be applied directly. However, restricting the setup to
the case where each interval Ixi is either a low or high interval as explained earlier, Proposition 1 can
be restated in terms of tubes. This reformulation will have the consequence that, if each monotonous
function lies in its associated tube, the forward invariance of the sets F´ can be guaranteed.
high
Given a set F D Ix1   Ixn where each interval is either Ixi D Œ0, xilow  or Ixi D Œxi , ximax ,
define for a monotonous function 'i ,k .xj / the values
²
0
if 0 2 Ixj ^ 'i ,k 2 N
 i ,k D
(14)
i ,k
min¹ W .x, / 2 T ^ x 2 Ixi º otherwise
and
 i ,k D max¹ W .x, / 2 T i ,k ^ x 2 Ixi º.

(15)

That is,  i ,k is the smallest  value of a tube T i ,k in the interval Ixj . Equivalently,  i ,k is the largest
 value of a tube T i ,k in this interval. With this, we can state the following proposition.
Proposition 2
high
Given a set F D Ix1      Ixn such that Ixi D Œ0, xilow  or Ixi D Œxi , ximax . Furthermore, given
tubes T i ,k that satisfy the conditions
8i 2 ¹1, : : : , nº W ki  x i C  i ,1 ı    ı  i ,q > 0
i

(16)

where x i D minxi 2Ixi xi , and  i ,k as defined in Equation (14), and
8i 2 ¹1, : : : , nº W ki  x i C  i ,1 ı    ı  i ,qi 6 0

(17)

where x i D maxxi 2Ixi xi , and  i ,k as defined in Equation (15).
If 8i, k W 'i ,k  T i ,k , then the set F is forward invariant for the system (1).
Copyright © 2011 John Wiley & Sons, Ltd.
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Proof
Note that 'i ,k  T i ,k means that  i ,k is a lower bound on i ,k and  i ,k is an upper bound on i ,k .

Therefore, if Equations (16) and (17) hold for a tube T i ,k and a set F´ , then Equations (12) and (13)
hold for 'i ,k  T i ,k and the set F´ .


However, the other direction is not necessarily true. That is, given tubes T i ,k , which satisfy
inequalities (16) and (17), it is possible to construct activation and inhibition functions 'i ,k such
that at least for some of these functions, it holds that 'i ,k ² T i ,k , but the sets F´ are still forward invariant. Therefore, Proposition 2 only states a sufficient but not necessary condition for the
forward invariance of the sets F´ .
4. THE ROBUSTNESS MEASURE
4.1. Definition and interpretation of the robustness measure
In this section, we finally introduce the robustness measures for uncertain gene regulations networks
with respect to a specified multistable behavior. As a preparation step, let
Rmin .', T / D

inf

' p 2S' ^' p ²T

k'  ' p k1

(18)

be the minimal perturbation of a given function '  T with respect to the given tube T , that is, the
smallest perturbation of ' according to Equation (10) such that ' p ² T . Also, define
Rmax .T / D sup Rmin .', T /.

(19)

'T

If this supremum is achieved by a function ',
Q this function can be viewed as best centered with
respect to the tube T . The solution of Equation (19) can even be computed analytically as will be
shown in Section 4.2. With this, the robustness measure can now be defined.
Definition 5
Given a system (1) with unspecified activation and inhibition functions. The robustness measure R
for the system is defined as
R D max min Rmax .T i ,k /
T i ,k i ,k
i ,k

s.t.: 8T

(20)

and 8F´ W Equations (16) and (17) hold.

The measure R can be interpreted as a guarantee. It involves the computation of an optimal system, that is, of optimal tubes TQ i ,k and monotonous functions 'Qi ,k such that R is maximized. Then,
for this optimal system it can be guaranteed that all sets F´ are still forward invariant if no function
'Qi ,k is perturbed by more than R, that is, 8i, k W k'Qi ,k  'Qip,k k1 6 R. The optimal system is also
designed such that the smallest value Rmax .T i ,k / among all tubes is maximized. This is reasonable
as the tube with the smallest value Rmax .T i ,k / represents the most fragile interconnection of the
network and thus determines the robustness of the whole network.
As Proposition 2 is only a sufficient but not a necessary condition for the forward invariance of
the sets F´ , ´ D 1, : : : , m, R is a lower bound on the maximally achievable robustness value.
4.2. Computation of the robustness measure
In this section, a computationally attractive method to compute R is presented. Therefore, first, an
analytical solution of Equation (19) is given.
Copyright © 2011 John Wiley & Sons, Ltd.
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Proposition 3
Let TN be a tube for an activation function. Then, the maximal value Rmax .TN / is given by
Rmax .TN / D

 low  . max   high /
 .x high  x low /.
 low C . max   high /

(21)

Equivalently, let TM be a tube for an inhibition function. Then, Rmax .TM / is given by
Rmax .TM / D

.N   high /  . low   min /
 .x high  x low /.
.N   high / C . low   min /

(22)

The proof for an activation function is given in Appendix A. The proof for inhibition functions
works with equivalent arguments.
With this result and the new variables
´
high
 i ,k
if 'i ,k is an activation function
imax
,k
cih,k D
high
Ni ,k  i ,k
if 'i ,k is an inhibition function
(23)
²
low
if 'i ,k is an activation function
i ,k
l
ci ,k D
ilow
 imin
if 'i ,k is an inhibition function
,k
,k
Equation (20) can now be rewritten as
´
R D max min
T i ,k i ,k

cih,k  cil,k
cih,k C cil,k

μ
high
.xi ,k

 xilow
,k /

(24)

s.t.: 8T i ,k and 8F´ W Equations (16) and (17) hold.
Again, an equivalent formulation is
R D min
T i ,k

1
t

´

s.t.: 8i, k W t 6

cih,k  cil,k
cih,k C cil,k

μ
high
.xi ,k

 xilow
,k /

(25)

8T i ,k and 8F´ W Equations (16) and (17) hold.
The optimization problem of Equation (25) still involves minimization over all admissible tubes.
This can be made explicit by adding constraints on the  values of the individual tubes. These
additional constraints are derived in the remainder of this section.
Firstly, the tubes have to satisfy the maximum concentration constraints ximax for each protein.
Therefore, the set X D Œ0, ximax   Œ0, xnmax  can be considered as an additional forward-invariant
set and, applying Proposition 1, yields the conditions
 ki  ximax C Oi ,1 ı    ı Oi ,qi 6 0 i D 1, : : : , n,

(26)

where Oi ,k D N if 'i ,k is an inhibition function and Oi ,k D imax
if it is an activation function.
,k
Secondly, also, the monotonicity constraints from the definition of the tubes have to be considered.
Therefore, for every tube TNi ,k , the constraint
high

max
0 6 ilow
,k 6 i ,k 6 i ,k 6 N

(27)

i ,k
, the constraint
and, for every tube TM
high

low
0 6 imin
,k 6 i ,k 6 i ,k 6 N

(28)

have to be included.
Copyright © 2011 John Wiley & Sons, Ltd.
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Finally, we require all optimization variables to be positive. The resulting optimization problem
can then be written as
R D min


1
t

´

s.t.: 8i, k W t 6

cih,k  cil,k
cih,k C cil,k

μ
high

.xi ,k  xilow
,k /

(29)

8F´ W Equations(16) and (17) hold
Equations (26), (27), and (28) hold
 > 0.
4.3. Formulation as convex optimization problem
We aim to formulate the optimization problem of Equation (29) as convex problem and first recall
its definition.
Definition 6
A convex optimization problem has the standard form
min f0 .x/
s.t. fi .x/ 6 0, i D 1, : : : , m
hi D 0, i D 1, : : : , p

(30)

where the objective function f0 W Rn ! R and the inequality constraints fi W Rn ! R, i D 1, : : : , m,
are convex functions, and the equality constraints hi W Rn ! R are affine in x.
Unfortunately, it is not always possible to transfer the presented problems into an equivalent
convex formulation. However, we could identify two cases where these optimization problems are
already given in a convex form or can be easily transferred into such a form. These two cases are
studied in this section.
4.3.1. Additive combinations. In the first case, each ‘ı’ symbol represents an addition. Then, the
following result can be stated.
Proposition 4
If the system (1) contains only additive combinations of monotonous functions, the optimization
problem of Equations (25) together with the additional constraints (26)–(28) is convex.
Proof
It has to be checked that all requirements from Definition 6 are
Clearly, theobjective
 fulfilled.
h
l
c
c
high
G D f0 D 1t is convex in t . Furthermore, the constraints t  hi ,k i l,k .xi ,k  xilow
/ 6 0 are
,k
ci ,k Cci ,k

convex. To see this, the second-order
³ applied. The eigenvalues of the Hessian
² condition [30] can be
of this constraint are computed as 0, 0,

2..cih,k /2 C.cil,k /2 /
..cih,k /2 C.cil,k /2 /3

. Therefore, the Hessian is positive semi-

definite on the domain .cih,k , cil,k , t / 2 R3C , and the constraint is thus convex on this domain. Next,
the inequality constraints (16), (17), (26), (27), and (28) are affine in the optimization variables
and thus convex. Finally, the equality constraints from Equation (23) are affine in the variables as
required.
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4.3.2. Multiplicative combinations. In the second case, all ‘ı’ symbols stand for a multiplication.
If the constraints from Equation (23) are changed into
´
high
imax
 ij
if 'i ,k is an activation function
h
,k
ci ,k 6
high
if 'i ,k is an inhibition function
Ni ,k  i ,k
(31)
²
ilow
if
'
is
an
activation
function
i
,k
l
,k
ci ,k 6
ilow
 imin
if 'i ,k is an inhibition function,
,k
,k
the following result can be given.
Proposition 5
Assume system (1) has only multiplicative combinations. Then, the optimization problem to compute R with the relaxed constraints from Equation (31) instead of Equation (23) is convex and yields
the same optimal value.
In order to prove this proposition, two definitions are needed [30].
Definition 7
A function f W Rn ! R with domain dom f D RnC of the form f .x/ D cx1a1 x2a2 : : : xnan , c > 0
P
and ai 2 R is a monomial. A finite sum of monomials F .x/ D K
kD1 fk .x/, K 2 NC , is called
posynomial.
Definition 8
An optimization problem
min f0 .x/
s.t. fi .x/ 6 1, i D 1, : : : , m
hi D 1, i D 1, : : : , p

(32)

with domain dom D RnC , where f0 and fi , i D 0, : : : , m, are posynomials, and hi , i D 1, : : : , p,
are monomials is called a geometric program.
A geometric program can be transformed into a convex problem of the form of Equation (30) by
the variable transformation yi D log xi [30].
With this, Proposition 5 can now be proved.
Proof
Convexity: We will show that the optimization problem is given as a geometric program. First, the
objective G D f0 D

1
t

is a posynomial. Additionally, the constraints t

cih,k cil,k
cih,k Ccil,k

high

.xi ,k xilow
/ 6 0 can
,k
high

be reformulated as posynomial t a1 .cil,k /1 Ct a1 .cih,k /1 6 1, with constant a D .xi ,k xilow
/.
,k
In an equivalent way, the inequality constraints from Equations (16), (17), (26), (27), and (28) can
be rewritten as posynomials. Moreover, for the modified constraints from Equation (31), this is
possible. Therefore, the optimization problem is given as a geometric problem.
Equivalence: First note that the feasible set of the original problem is contained in the feasible
?
set of the relaxed problem. Denote pmod
the optimal value of the relaxed problem. Then, it holds
?
?
that pmod > p . It now has to be shown that the optimal value for the modified problem is obtained
?
when all relaxed inequalities (31) are satisfied with equality, that is, pmod
D p ? . Denote  the vector
?
containing all optimization variables. It takes the value  at the optimal point p ? . Recall that the
optimal value p ? equals the smallest value Rmax
of all tubes T i ,k in the system. Then, all tubes T i ,k
i ,k
in the system can be partitioned into two sets. The first set V contains all tubes for which it holds
that Rmax
D p ? , and the second set W contains all remaining tubes. For these tubes, we have that
i ,k
max
?
Ri ,k > pmod . Now assume that at  D  ? , there is a relaxed constraint (31) that does not hold with
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equality. Then, without influencing any other constraint, equality of this constraint can be achieved
by increasing the respective value cih,k or cil,k . Then, as Rmax
is monotonically increasing in cih,k
i ,k
?
and cil,k , this value will also increase. As pmod
is optimal, there has to be at least one tube T i ,k in
the set V for which it holds that all constraints (31) hold with equality. Then, modifying all other
constraints that do not hold with equality in the way described above yields an optimal solution p ?
?
for the original problem with p ? D pmod
.

5. EXAMPLE
In this section, we apply the methodology developed in the previous sections to several models of a
gene regulatory network, which is responsible for the maintenance of the MHB.
This boundary is formed during vertebrate development, when the central nervous system arises
from a precursor tissue called neural plate. Shortly after gastrulation, this neural plate is patterned
along the anterior–posterior axis into four regions, which continue to develop into forebrain, midbrain, hindbrain, and spinal cord. This patterning is determined by a well-defined and locally
restricted expression of genes and by the action of short-range and long-range signaling centers. The
development of mid-hindbrain and hindbrain, which we are interested in, is controlled by the activity of the isthmic organizer (IsO) located at the boundary between the prospective mid-hindbrain
and hindbrain, the so-called MHB.
The IsO is characterized by the localized expression of several transcription and secreted factors.
In this contribution, we focus on the following four IsO genes: Otx2, Gbx2, Fgf8, and Wnt1. Various
in situ hybridization experiments revealed the spatio-temporal expression patterns of these genes
around the MHB. Figure 3 shows a schematic snapshot of these expression patterns at embryonic
day 10.5 (E10.5). It has been shown that the patterns at that time continue to be stably maintained.
Moreover, various loss-of-function and gain-of-function experiments demonstrated that by E10.5
the aforementioned genes have become interdependent and form the core module of a regulatory
network that guarantees the sharpening and subsequent maintenance of their specific expression patterns [31]. For a biological review, see for example [31, 32]. In [6] and [33], several model structures
that are able to reproduce the observed expression pattern around the MHB in a multi-compartment
model have been developed. Nine such model structures are depicted in Figure 4.
As all nine model structures from Figure 4 are in principle able to reproduce the desired pattern, we now focus on how these models differ and which model structure might be best suited. To
approach this question, the networks are first translated into the modeling framework presented in
Section 2. Then, a robustness analysis according to Section 4 is performed for each of the models.
5.1. Modeling
In order to analyze the models, the spatial expression pattern, which is stably maintained after E10.5,
is discretized into six regions, and for each of these regions, the expression strength of the four genes

Figure 3. (A) Schematic snapshot of the expression of the four genes Otx2, Gbx2, Fgf8, and Wnt1 at the
mid-hindbrain boundary (MHB) at day E10.5. (B) Spatial discretization of the expression pattern at the
MHB into six segments. The left figure shows the presence of the proteins in each segment. The right figure
shows the expression level on the four proteins.
Copyright © 2011 John Wiley & Sons, Ltd.
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Figure 4. Nine different gene regulation networks for the maintenance of the mid-hindbrain boundary.

Otx2, Gbx2, Fgf8, and Wnt1 is characterized as highly expressed or weakly expressed, which is also
depicted in Figure 3. Equivalently, the presence of the corresponding proteins Otx2, Gbx2, Fgf8,
and Wnt1 is characterized by present or not present. As Fgf8 and Wnt1 are secreted, Wnt1 and Fgf8
are not only present in the regions where Fgf8 and Wnt1 are highly expressed but also diffused in
neighboring sections.
For our approach, each of these six regions is considered as stably maintained operation mode of
the system, and thus, six forward-invariant sets in the state space can be assigned to the model. In
the real network, cells can communicate via the secreted factors Wnt1 and Fgf8. For our analysis,
however, we break this communication between the cells and replace the influence of Wnt1 and
Q and Wnt1.
Q
Fgf8 by external inputs Fgf8
For each of regions I to VI, these inputs are then set to a
high or low concentration as observed in the respective region (Figure 3).
The resulting forward-invariant sets corresponding to the six regions are listed in Table I. As we
have no information about the maximum concentrations and degradation rates, we assumed them to
be similar for all species and normalized them to 1, that is, 8i W ximax D 1, ki D 1. Finally, we define
a low concentration of a protein xi to lie in an interval Ixi D Œ0, 0.2 and a high concentration to lie
in an interval Ixi D Œ0.8, 1.
With these modeling assumptions, each of the nine networks can be modeled with activation and
inhibition functions. The equations for network 1 from Figure 4 for example read as

Table I. The six forward-invariant sets corresponding to the six regions I to VI.
Steady state

Otx2

Gbx2

Fgf8

Wnt1

Q
Fgf8

Q
Wnt1

I
II
III
IV
V
VI

High
High
High
Low
Low
Low

Low
Low
Low
High
High
High

Low
Low
Low
High
Low
Low

Low
Low
High
Low
Low
Low

Low
Low
High
High
High
Low

Low
High
High
High
Low
Low
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P D Otx2 C 1,1 .Gbx2/
Otx2
P D Gbx2 C 2,1 .Otx2/
Gbx2
P D Fgf8 C 3,1 .Otx2/  3,2 .Gbx2/  3,3 .Wnt1/
Q
Fgf8
P D Wnt1 C 4,1 .Gbx2/  4,2 .Otx2/  4,3 .Fgf8/.
Q
Wnt1
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(33)

5.2. Analysis and discussion of the results
For each of the nine networks, the respective geometric optimization problems from Equation (29)
were generated and solved using YALMIP [34]. The obtained robustness values for the nine
networks are listed in Table II.
For the given specification and according to Table II, there are only two classes of systems: those
with the higher R value of 0.0423 (networks 3,6,7 and 8) and those with a lower R value of 0.0357
(all other networks). This means that for the optimal realizations of networks 3,6,7, and 8, a larger
perturbation of each individual activation and inhibition function, measured according to Equation (10), can be guaranteed to not violate the invariance of the specified six regions. According to
our definition, these four models are therefore considered to be more robust.
A closer look at the model structures reveals an important difference between the two classes.
All models with the lower R value have at least one node with three incoming links (nodes Fgf8
or Wnt1), whereas for all models in the class with the higher R value, the maximal number on
incoming links is two.
That this number is indeed the determining factor can be seen by further inspecting the results
of the optimization problems for the computation of the R values. Recall that for every tube T i ,k ,
there is one constraint of the form
´ h
μ

ci ,k  cil,k  high
low
t6
 xi ,k
x
.
(34)
cih,k C cil,k i ,k
When optimizing the R value for networks with a maximal indegree of 3, the constraints of
Equation (34) were active for all incoming links of nodes with indegree 3. Equivalently, for all
networks with maximal indegree of 2, the constraints (34) were active for incoming links of nodes
with indegree 2. The constraints (34) for incoming links of nodes of indegree 1 (Otx2 and Gbx2)
were never active.
In summary, computing the R values for the nine networks structures suggests the conclusion
that a higher indegree requires finer tuning of the activation and inhibition functions. On the other
side, a larger total perturbation might still be possible for stronger connected networks. If one measures a total perturbation as the sum of the perturbations of individual links, network 1 can for
example tolerate at least a total perturbation of 8  0.0357 D 0.2856. For the four networks with the
higher R value, however, only an admissible perturbation of 6  0.0423 D 0.2538 can be guaranteed.
As we have not maximized over the sum of individual perturbations as this would lead to a nonconvex optimization problem, this observation should only be considered as a possible advantage of
stronger connected networks but not as a general statement.
Table II. Robustness values of the
nine network structures.
System

R value

1
2
3
4
5
6
7
8
9

0.0357
0.0357
0.0423
0.0357
0.0357
0.0423
0.0423
0.0423
0.0357
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We therefore conjecture that stronger connected networks may tolerate larger total perturbations
at the price that individual links have to be tuned finer. When formulated differently, for sparse network topologies, it is easier to find activation and inhibition functions such that a given steady-state
pattern can be achieved. This conjecture is also in agreement with the observations made in [35]
although the setup there is slightly different from ours. In this paper, the so-called ‘gross average cost
of perturbation’ was introduced as robustness measure that explicitly takes network complexity, that
is, the number of links in network, into account. The result of this study was that sparser networks
outperform densely connected networks and will thus be preferred during evolution. This conjecture is furthermore in agreement with the observation that, for example, well-studied gene regulation
networks from Escherichia coli, Arabidopsis, or Drosophila show a relatively small connectivity of
only 1.5–2 regulating factors per gene in average [35].
6. CONCLUSIONS AND OUTLOOK
In this paper, we have defined a robustness measure that characterizes the ability of a given network
structure to produce forward-invariant sets representing the steady states of the system. Furthermore, a method for its computation has been developed, and it was demonstrated that the resulting
optimization problem is convex in special cases. This method can be applied to answer two types of
questions: On the one hand, it allows to compare different network structures with respect to their
ability to generate a desired multistable behavior. On the other hand, the most fragile interactions of
a network can be detected. To demonstrate its use, the method was applied to several hypothetical
model structures for a gene regulation network, which is responsible for the stable maintenance of a
well-defined spatio-temporal expression pattern. We found that the maximal number of transcription
factors of a target gene limits the achievable robustness in the studied networks.
Concerning the reasoning behind our approach, we have argued that postulating a robust multistable behavior is biologically meaningful for a large class of gene regulation networks, especially
for those involved in differentiation and pattern formation processes. However, depending on the
precise function of the network, also, other aspects should be considered. For differentiation networks for example, a well-regulated transition between steady states upon certain stimuli has to be
guaranteed in a robust way. Our future research will therefore address different network functions in
order to obtain other biologically meaningful and more differentiated definitions of robust behavior.
APPENDIX A: PROOF OF PROPOSITION 3
Let TN be a tube for an activation function. Then, the maximal value Rmax .TN / is given by
Rmax .TN / D

low  .max  high /
 .xhigh  xlow /.
low C .max  high /

(35)

Equivalently, let TM be a tube for an inhibition function. Then, Rmax .TM / is given by
Rmax .TM / D

.N  high /  .low  min /
 .xhigh  xlow /.
.N  high / C .low  min /

(36)

Proof
Given a tube TN , an activation function '  TN , and a perturbed activation function  p ² TN .
Then,  p violates at least one of Inequalities (4)–(6), and we can give the following estimates on
k   p k1 .
Assume that Inequality (4) is violated, and let xO be the smallest value such that .x/
O D  low .
R xO
p
low
Then, it holds that k   k1 > x low .  .x// dx D A1 ./.
Now assume Inequality (5) is violated. Let xO be the smallest value such that .x/
O D  high . Then
R x high
p
high
k   k1 > xO ..x/   / dx D A2 ./.
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Finally, assume that Inequality (6) is violated. Then, with xO being the largest value such that
R xO
.x/
O D  max , it holds that k   p k1 > x max . max  .x// dx D A3 ./.
For an illustration of these areas, see also Figure 2.
Thus, for every  p 2 N such that  p ² T , it holds that k   p k1 > A./ D min¹A1 ./,
A2 ./, A3 ./º, and thus Rmin ., T / D A./. In order to compute Rmax .T /, we first derive the
function  ? which maximizes A.
To do so, first note that for every given   TN , it is possible to find another N  TN
that is identical with  in Œ0, x,
Q with .x/
Q D  max  ,  arbitrarily small, such that A3 ./
N D
max¹A1 ./,
N A2 ./,
N A3 ./º.
N
One possibility to achieve this is keeping N constant at  max   in
the interval Œx,
Q x
O and choose xO large enough. But this means that for computing the function  ? ,
which maximizes A, it is sufficient to compute the function  ? , which maximizes min¹A1 , A2 º, and
satisfies the modified tube TNN D ¹.x low ,  low /, .x high ,  high /, .x max , N max /º, with N max D  max  .
Now, to compute this  ? , first define a step function
²
0
x 6 xs
hxs .x/ D
Nmax x > xs .
.

C

/

N xN s / D high 2 low . Then, hxN s 
Next, for the given function ,
N let xN s be the smallest value such that .
N A2 ./º
N 6
TNN , and with the aforementioned definitions of A1 and A2 , it follows that min¹A1 ./,
min¹A1 .hxN s /, A2 .hxN s /º. This means that we can always find a step function with a larger value
A than the function .
N Next, among all possible step functions hxs  TNN , the step function hxs? ,
?
which maximizes min¹A1 , A2 º, has to satisfy A1 D A2 , that is, .N max   high /  .x high  x s / D
low
low
max
high
high
N

/x
. With this and as  can
 low  .xs?  x low /, from which it follows that xs? D  xlowC.
C.N max  high /
be arbitrarily small, we get
Rmax .TN / D

 low  . max   high /
 .x high  x low /.
 low C . max   high /


Note that step functions are not admissible activation functions as they are not continuously differentiable. Therefore, Equation (A) is an upper bound on Rmax .T /, but as step functions can be
approximated arbitrarily closely in the l1 norm by differentiable activation functions, it is the least
upper bound.
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