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Abstract. We introduce and analyze a prototype model for chemotactic effects in biofilm formation. The model is a system of quasilinear parabolic
equations into which two thresholds are built in. One occurs at zero cell density level, the second one is related to the maximal density which the cells
cannot exceed. Accordingly, both diffusion and taxis terms have degenerate or
singular parts. This model extends a previously introduced degenerate biofilm
model by combining it with a chemotaxis equation. We give conditions for
existence and uniqueness of weak solutions and illustrate the model behavior
in numerical simulations.

1. Introduction. Bacterial biofilms are microbial depositions on immersed biotic
or abiotic surfaces. Cells attach to the surface and start producing extracellular
polymeric substances (EPS, exopolysaccharides) in which they are themselves embedded. Protected by this gel-like layer, the bacteria form vivid colonies. Biofilms
are ubiquitous. They can be found virtually everywhere, where the environmental
conditions permit microbial growth. This includes medical and industrial systems,
as well as natural surfaces such as plant roots, or engineered systems which are
sometimes designed based on biofilm processes, for example in wastewater treatment.
It has been suggested that biofilm formation involves chemotaxis [26], i.e. the
directed movement of cells in response to chemical gradients. Other authors have
pointed out that this might in particular be important for plant associated biofilms
and the colonization of biotic surfaces, provided the environmental conditions are
suitable [21]. However, the experimental evidence for the role of chemotaxis in
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biofilm formation seems meager, and several experimental studies remained inconclusive [17]. An interesting study of chemotaxis in biofilm formation is [37], in
which it was found that Bacillus amyloliquefaciens shows chemotactic response in
the biofilm colonization of soybean seeds, but not in the colonization of soybean
roots. This suggests that chemotaxis is not a ubiquitous and generally required
mechanism in early stages of biofilm formation but rather a secondary mechanism
that can play a role in certain systems. Moreover, the study suggests also that it
is not only a question of the microbial species and of the attractant but also of the
environmental context. With current experimental evidence inconclusive there is
the hope that eventually mathematical modeling might be able to guide further laboratory efforts. Both biofilm modeling and chemotaxis modeling have matured in
recent decades as sub-disciplines of mathematical biology. This paper is intended as
a first step toward combining both by providing a general mathematical framework
to model such biofilm- taxis systems.
The model we investigate here mathematically describes changes in biomass density in early stages of biofilm formation when the cells respond to the gradient of
a growth controlling substrate, in our case a nutrient. As is common practice in
biofilm modelling, we subsume in the ‘biomass’ both, cells and EPS. We study
the well-posedness of the following singular-degenerate parabolic system describing
changes in the local density of a biofilm. The model extends the previous biofilm
model proposed in [7] and analysed in [10] by taking into account nutrient taxis
understood as the movement of cells up a nutrient concentration gradient.
Denoting by M the biomass density and by S the substrate or nutrient concentration, we consider
∂t S
∂t M

= d1 ∆S − F (S , M ) ,


Mb
d
c
∇M
−
d
M
(1
−
M
)
∇S
+ G(S , M ) ,
= ∇ · d21
22
(1 − M )a

(1)
(2)

satisfied in (0, +∞) × Ω, with initial conditions
(S, M )(0) = (S0 , M0 ) in Ω ,

(3)

N

where Ω is a bounded open subset of R with smooth boundary ∂Ω. On the
boundary, we assume for our analysis a fixed bulk concentration of nutrient and
zero density of biomass;
S = 1, M = 0,

on

(0, +∞) × ∂Ω.

(4)

The function F = F (S, M ) describes the consumption rate of the nutrient and
G = G(S , M ) is the growth rate of the biofilm. The values of positive parameters
a, b, c, d will be specified later; d1 is the diffusion coefficient for nutrient, and d21 , d22
are motility coefficients for biomass due to diffusion and chemotaxis, respectively.
The basic assumption made here is the existence of a threshold value for the
cell density which corresponds to a tight packing state normalized to M = 1. In
other words, cells cannot accumulate without bound at a given point of Ω, and
the corresponding volume filling effect is taken into account. Moreover, in a fully
developed biofilm with M ≈ 1, cells can be assumed to be largely immobilized in
the EPS matrix and not able to respond to chemical cues. This is accounted for by
turning off chemotaxis for large M in (2). The effect of the threshold cell density
or a volume-filling effect has been taken into account in the modeling of chemotaxis
phenomena in a class of models sharing some common features with the present one.
We refer the reader to [23] and to the survey of corresponding mathematical results
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[35]. We would also like to point out a recent paper [20] on a chemotaxis model
where singular diffusion of cells appears in the macroscopic limit of a microscopic
cellular Potts model. A natural question for this class of models, whether the cell
density initially below the threshold will attain this value eventually, was recently
studied in [30, 31].
We assume the following structural assumptions on the functions F, G ∈ C 2 (R2 ).
F (0, M ) ≥ 0

F (1 , M ) ≥ 0

for all M ≥ 0 ,

F (S, M ) = f1 (S) + M f2 (S) ,

f1 (0) = f2 (0) = 0

(5)
(6)

where f1 , f2 ∈ C 2 (R) are some functions. We next assume that there exists a
function g ∈ C 2 (R) such that
G(S, M ) = g(S)M α (1 − M )β ,

α,β > 0.

(7)

We note that for the existence of solutions only (5), (7) are required and (6) is
additionally assumed for the uniqueness of solutions.
The primary example of functions satisfying the above assumptions is the
Monod’s function for nutrient up-take
F (S, M ) =

k1 SM
,
k2 + S

k1 , k2 > 0 ,

(8)

and logistic-like growth functions for biomass growth
G(S, M ) =

k3 S
M M α−1 (1 − M )β ,
k2 + S

k3 > 0 ,

(9)

in which the growth rate is proportional to the consumption rate F . Notice that due
to the high density stress, the cell proliferation drops to zero at M = 1 even for high
food concentration. We would like to underline at this point that the shape of the
reaction terms in both equations is forced by the analysis of the well-posedness of the
system and, in particular, the uniqueness of solutions. The specific reaction terms
deviate from standard growth kinetics used in most biofilm studies. The form of
the reaction term G reflects critical phenomena which take place when the diffusion
degenerates at M = 0 and when it becomes singular at M = 1. The important case
α > 1 leads to a delay of biomass growth, especially during early stages for small
0 < M  1. This can be understood as mimicking a ‘lag-phase’, which is commonly
observed in the onset of bacterial growth due to physiological adaptation. Note that
most biofilm modeling studies in the literature focus on the long term evolution of
a mature biofilm, which corresponds in our modeling framework to M ≈ 1 almost
everywhere in the biofilm. In fact, some biofilm models explicitly assume M ≡ 1
[5]. In this case it is not required to account for the initial lag-phase in bacterial
growth. In a study that focuses on early stages and onset of biofilm growth, however,
including lag-effects, if only qualitatively, seems justified and warranted. Our model
assumes that during this lag-phase, nutrient consumption is proportionally higher
than growth of new biomass due to resources required for cell repair and adaptation.
We point out that in the predictive microbiology modelling literature, lag-phase
models are usually more involved, often including an extra dependent variable that
describes in some sense the physiological state of the cells, see [13, 14] for some
variants and discussion.
Note further that the growth rate G vanishes for M = 1, but the substrate
consumption rate does not. This mimics that nutrients are required for cell maintenance even if no net growth takes place. The variables M and S are dimensionless.
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S is scaled with respect to the bulk concentration, and M is scaled relative to the
maximum biomass density, i.e. it can also be understood as the volume fraction
locally occupied by the biofilm. We make the following assumptions on the initial
data:
(S0 , M0 ) ∈ L∞ (Ω; R2 ) with 0 ≤ S0 , M0 ≤ 1 a.e. in Ω .
(10)
To shorten the notation, we define
D(M ) = d21 M b (1 − M )−a ,
and introduce

r

Z
D(r) :=

D(s) ds ,

r ∈ [0, 1] .

0

Because of degeneracy and singularity in the diffusion term of (2), we shall consider
weak solutions to (1)-(3). A similar concept of weak solution was already introduced
in [18] for chemotaxis system with degenerate diffusion and volume filling effect. We
assume from now on that a ∈ (0, 1).
Definition 1.1. A weak solution to (1)-(4) is a pair (S, M ) of functions such that,
for each T > 0,
0 ≤ S(t, x) , M (t, x) ≤ 1 ,
S
M
S(0)

∈
∈

a.e. in

(0, T ) × Ω ,

1,2
C([0, T ], L2 (Ω)) ∩ Wloc
((0, T ); L2 (Ω)) ∩ L2loc ((0, T ); H 2 (Ω)) ,
∞

2

2

(11)

1

L ((0, T ) × Ω) ∩ Cw ([0, T ]; L (Ω)) , D(M ) ∈ L (0, T ; H (Ω)) , (12)

= S0 ,

M (0) = M0

and (S, M ) satisfies
∂t S
Z

=

T

h∂t M, ψi dt +
0

d1 ∆S − F (S M ) a.e. in (0, T ) × Ω ,
(13)
Z TZ

∇D(M ) − d22 M d (1 − M )c ∇S · ∇ψ dxdt (14)
0

Z

Ω
T

Z

=

G(S , M )ψdxdt ,
0

S

=

Ω

1 a.e. on (0, T ) × ∂Ω ,

for each t ∈ [0, T ] and ψ ∈ L2 (0, T ; H01 (Ω)).
Here we denote by h., .i the duality pairing between H01 (Ω) and H −1 (Ω), and
Cw ([0, T ]; L2 (Ω)) denotes the set of functions from [0, T ] in L2 (Ω) which are continuous in the weak topology of L2 (Ω).
Theorem 1.2. Assume that (S0 , M0 ) satisfies (10) and (5), (7) hold. If
a ∈ (0, 1),

b > 0,

min{c, d, α, β} ≥ 1,

then there exists at least one weak solution (S, M ) to (1)-(3) in the sense of Definition 1.1.
It is worth noticing that the assumption a ∈ (0 , 1) corresponds to the so called
fast diffusion according to Aronson’s classification (cf. [3]) whereas the densitydependent biofilm model as originally introduced and studied in [7, 10] used a
super-diffusion singularity instead.
The uniqueness of solutions demands both more regularity of the first component
S than that in Definition 1.1 and an additional structural assumption on F .

ANALYSIS OF A BIOFILM MODEL WITH NUTRIENT TAXIS

103

Theorem 1.3. Assume in addition to the assumptions of Theorem 1.2 that (6)
holds and S0 − 1 ∈ W 2,p (Ω) ∩ H01 (Ω) for some p > max(2, N ). If
a
b
min{c, β} ≥ 1 − , min{d , α} ≥ 1 + ,
2
2
then the weak solution to (1)-(3) is uniquely determined.
a ∈ (0, 1),

b > 0,

We would like to point out that the results are closely related to earlier works
[11, 12, 18, 34] on systems of similar structure. The proofs of Theorem 1.2 and
Theorem 1.3 are given in Section 2.
At the end of the introduction, we present a derivation of model (1)-(2) based on
a hydrodynamical approach which was applied for the first time to the chemotaxis
equations in [16], and then generalized for the volume filling chemotaxis model in
[33], and independently for biofilm models in [15]. The population of cells is treated
now as a non-viscous fluid with density M and velocity v, which satisfy Euler
equations. First we assume that the nutrient concentration S(t, x) is given and the
local rate of production of cells with density M is equal to G(S, M ). Then mass
balance and momentum equations read
∂t M + ∇ · (M v)

=

G(S , M ),

M (∂t v + v · ∇v)

=

−∇p + Φ(S, M, v),

(15)

with the density-dependent pressure p = p(M ) and the force
Φ = µ∇S − β(M )v
composed of a chemotactic part oriented towards the gradient of nutrient S and
a density dependent resistive force β(M )v which subsumes all factors moderating
cell movement including kinematic friction. Then, assuming that inertial force is
negligible for the description of cells movement, we obtain the Darcy like equation
µ∇S − ∇p(M ) − β(M )v = 0 .
Using (15), we arrive at


µM
M p0 (M )
∇M −
∇S + G(S , M ) .
∂t M = ∇ ·
β(M )
β(M )
Finally, setting µ = d22 and
β(M ) = M −(d−1) (1 − M )−c

and p0 (M ) = d21 M b−d (1 − M )−(a+c) ,

we formally obtain (2).
2. Well-posedness.
2.1. Existence. To prove Theorem 1.2, we first consider a suitable regularized
problem and then use the compactness method. The regularization is adapted from
[11, 28].
Proof of Theorem 1.2. For ε ∈ (0, 1/4), we consider
∂t Sε
∂t Mε

= d1 ∆Sε − F (Sε )Mε ,

d21 (Mε + ε)b
= ∇·
∇Mε
(1 − Mε )a
−

d22 (Mε + ε)d−1 Mε (1 − ε − Mε )(1 − Mε )c−1 ∇Sε

+ g(Sε )(Mε + ε)α−1 Mε (1 − ε − Mε )(1 − Mε )β−1 ,

(16)
(17)
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satisfied in (0, +∞) × Ω with boundary condition (4) and initial conditions
(S0,ε , M0,ε ) ∈ W 1,N +1 (Ω; R2 )

(18)

satisfying
0 ≤ S0,ε ≤ 1,

0 ≤ M0,ε ≤ 1 − 2ε ,

kM0,ε − M0 kL2 + kS0ε − S0 kL2 ≤ ε .

(19)
(20)

Notice that there exists δ > 0 such that all nonlinear terms in (16)-(17) are smooth
for M ∈ (−δ , 1 − ε + δ) and (16)-(17) is a regular parabolic system. The change of
variables S˜ε = 1 − Sε leads to an equivalent problem with homogeneous boundary
conditions. Since (18) and (19) are satisfied, we can apply [2, Theorems 14.4
& 14.6], which entails that the corresponding initial-boundary value problem has
a unique maximal classical solution (Sε , Mε ) defined on (0 , Tmax ) × Ω, for some
Tmax ∈ (0 , ∞]. We refer the reader to [18, Theorem 3] for more details on the
applications of Amann’s theory to the problem of well-posedness of such systems.
To extend the solution for all t ∈ (0 , +∞), we observe that the main part of the
elliptic operator in (16)-(17) is upper triangular. For such systems, it is sufficient
to find a uniform in time L∞ - bound for the solution (see [2, Theorem 15.5]). First,
using (5), (7), we deduce that the components of the solution are nonnegative.
To prove this, we may use [8] or apply the parabolic maximum principle to each
equation separately, after transforming the equation (17) into non-divergence form.
This step is admissible due to the regularity of the solution and smoothness of the
nonlinearities. Hence, we obtain Sε ≥ 0, Mε ≥ 0 on (0 , T ) × Ω for any T < Tmax .
By comparison with the function S ≡ 1, we infer that Sε ≤ 1 . To get the upper
bound on Mε , we change variables in (17) setting zε = 1 − ε − Mε . Then, making
use of (4) and (18)-(20), we can apply similar arguments based on the maximum
principle to conclude that zε ≥ 0. Hence, for any T < Tmax , we have
0 ≤ Mε ≤ 1 − ε on (0 , T ) × Ω .

(21)

Thus, (Sε , Mε ) is defined globally in time.
Below we denote by Ci , i = 1, 2, ... positive constants which do not depend on
ε ∈ (0, 1/2), but may depend on the model parameters or T . It follows from the
classical energy estimate for parabolic equations that for each T > 0 there is a
positive constant C1 (T ) such that
kSε kL2 (0,T ;H 1 (Ω)) + k∂t Sε kL2 ((0,T );H −1 (Ω) ≤ C1 (T ) .

(22)

We next denote Dε (r) = d2 (r + ε)b (1 − r)−a and introduce the functions Dε and E ε
defined by
dDε
d2 E ε
=
= Dε and E ε (0) = Dε (0) = 0 .
dr2
dr
A similar definition is used for E corresponding to the case ε = 0 . Note that for
ε ∈ (0, 1/4)
Dε (x) ≤ D1/4 (x)

for x ∈ [0 , 1] ,

(23)

Dε , D ∈ C[0 , 1] ,
lim kDε − Dk∞ = 0 .

ε&0

(24)
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We multiply (17) by Dε (Mε ) and integrate over Ω to obtain
Z
d
E ε (Mε ) dx =
dt Ω
Z


− ∇Dε (Mε ) ∇Dε (Mε ) − d22 (Mε + ε)d−1 Mε (1 − ε − Mε )(1 − Mε )c−1 ∇Sε dx
ZΩ
− g(Sε )(Mε + ε)α−1 Mε (1 − ε − Mε )(1 − Mε )β−1 Dε (Mε )dx.
Ω

Using Hölder’s inequality as well as the L∞ bound on Mε and (22), we arrive at
Z
d
2
E ε (Mε ) dx ≤ − k∇Dε (Mε )kL2
dt Ω
+ kd22 (Mε + ε)d−1 Mε (1 − ε − Mε )(1 − Mε )c−1 kL∞ (0,1) k∇Dε (Mε )kL2 k∇Sε kL2
+ sup |g(r)Dε (r)| (Mε + ε)α−1 Mε (1 − ε − Mε )(1 − Mε )β−1
r∈[0,1]

L∞

|Ω|

1
2
k∇Dε (Mε )kL2 + C3 (T ),
2
where (23) was also used. On integrating with respect to time, we get
Z TZ
2
|∇Dε (Mε )| dxdt ≤ C4 (T ) .
≤−

0

(25)

Ω

Hence,
T

Z

Z

2

|∇D(Mε )| dxdt ≤ C4 (T ) .
0

(26)

Ω

Making use of (17), we deduce from (21), (22) and (25) that
Z T
2
k∂t Mε kH −1 (Ω) dt ≤ C5 (T ) .

(27)

0

The estimates we have obtained so far allow us to use a weak compactness argument,
which is not sufficient for passing to the limit in all the terms in the weak formulation
of (17):
Z T
Z TZ
h∂t Mε , ψi dt +
[∇Dε (Mε )
0
0
Ω

− d22 (Mε + ε)d−1 Mε (1 − ε − Mε )(1 − Mε )c−1 ∇Sε ∇ψ dxdt
(28)
Z TZ
=
g(Sε )(Mε + ε)α−1 Mε (1 − ε − Mε )(1 − Mε )β−1 ψdxdt .
0

Ω

In order to deduce the convergence of {Mε } almost everywhere for some subsequence, we shall first show that
{E(Mε )} is bounded in L2 (0, T ; H 1 (Ω)),
1

1,N +1

{∂t E(Mε )} is bounded in L (0, T ; W

(29)
0

(Ω) )

(30)

for each T > 0. Since a ∈ (0 , 1), both D and E are bounded functions and
kE(Mε )kL∞ ≤ C6 .
Next we estimate
Z TZ
2
|∇E(Mε )| dtdx ≤ sup
0

Ω

r∈[0,1]

D(r)
D(r)

Z

(31)
T

Z

2

|∇D(Mε )| dtdx.
0

Ω

(32)
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By straightforward calculation we verify that because of a ∈ (0 , 1) we have
sup
r∈[0,1]

D(r)
< ∞.
D(r)

In view of (26) and (31)-(32), we obtain that
E(Mε ) is bounded in L2 (0, T ; H01 (Ω)) .

(33)

We infer from the continuous embedding of W 1,N +1 (Ω) in L∞ (Ω) that, for ϕ ∈
W 1,N +1 (Ω) and t ∈ (0, T ),
Z
ϕ ∂t E(Mε )(t) dx
Ω

≤ k∂t Mε (t)kH −1 (Ω) kD(Mε (t))ϕkH 1 (Ω)
0

0

≤C6 k∂t Mε (t)kH −1 (Ω) (k∇D(Mε (t))kL2 + kDk∞ ) kϕkW 1,N +1 .
0

The right-hand side of the above estimate belongs to L1 (0, T ) by (27) and (26). This
result, along with (33), proves the assertions (29)-(30). Now we are in a position to
apply a compactness result [25, Corollary 4] to conclude that {E(Mε )} is relatively
compact in L2 ((0, T ) × Ω) for each T > 0. Thus, for a subsequence (not relabeled)
it is convergent almost everywhere in (0 , T ) × Ω. Since E is a monotone function,
we deduce that {Mε } is also convergent almost everywhere. Also, (21), (27) and
a classical compactness result [19, Théorème 1.12.1] ensure that {Mε } is relatively
compact in C([0, T ]; H −1 (Ω)) for each T > 0. Recalling (22) and using the classical
compactness argument for the sequence {Sε }, we conclude that there are functions
(S, M ) ∈ L∞ ((0, T ) × Ω; R2 ) and a subsequence of {(Sε , Mε )} (not relabeled) such
that
(Sε , Mε ) −→ (S, M ) in L2 ((0, T ) × Ω; R2 ) ,
and
(Sε , Mε ) −→ (S, M ) in C([0, T ]; L2 (Ω)) × C([0, T ]; H −1 (Ω)) .
Furthermore, by (26), we infer that D(M ) belongs to L2 (0, T ; H 1 (Ω)) for each
T > 0. By the Egorov theorem for any δ > 0, there is a subset Qδ ⊂ (0, T ) × Ω
such that
|((0, T ) × Ω) \ Qδ | < δ
and Mε −→ M uniformly on Qδ . Then, (24) entails
Dε (Mε ) −→ D(M )

uniformly on Qδ .

Hence, for arbitrary δ > 0, we have
Dε (Mε ) −→ D(M )

weakly in L2 (Qδ ) ,

and we deduce from (23) and (25) that
Dε (Mε ) −→ D(M )

weakly in L2 (0, T ; H 1 (Ω) .

We are now in a position to pass to the limit in all terms in the weak formulation
of (16) and in (28). The classical regularity theory of parabolic equations entails
that S is in fact a strong solution satisfying (11) and (13). Thus, (S, M ) is a solution
to (1)-(3) in the sense of Definition 1.1.
To prove the existence of more regular solutions needed for the uniqueness result,
let us consider the realization in the space X = Lq (Ω) of the Laplace operator
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Aq = −∆ with homogeneous Dirichlet boundary condition. Since Aq is a sectorial
operator, fractional powers are well defined, and we denote for some θ ∈ (0, 1)
Xqθ = D(Aθq ),
which is a Banach space equipped with the norm (see [24])
kukXqθ = kAθq ukX

for u ∈ Xqθ .

We shall use the classical semigroup estimates for the analytic semigroup e−Aq t
generated by −Aq (eg. [24, Theorem 6.13 p.74])
kAθq e−Aq t ukX ≤ kθ t−θ e−at kukX

(34)

which holds for any u ∈ X for some positive constants kθ and a. We recall also (cf.
[36, Theorem 16.15]) that for Ω with C 2 -boundary
2θ
Xqθ = Hq,D
(Ω)

for 2θ >

1
q

(35)

2θ
(Ω) is the Bessel potential space of functions satisfying homogeneous
where Hq,D
2θ
Dirichlet boundary condition. Since 2θ is not an integer, Hq,D
(Ω) = W 2θ,q (Ω) ∩
1
2θ,q
H0 (Ω), where W
(Ω) is the fractional order Sobolev space (Sobolev-Slobodeckii
space). Notice also (cf. [29, Theorem 4.6.1(e)]) that for 2θ > 1 + Nq
2θ
Hq,D
(Ω) ⊂ C 1 (Ω̄) .

(36)

We note also that (cf. [1, Theorem 7.58])
W 2,p (Ω) ∩ H01 (Ω) ⊂ W 2θ,q ∩ H01 (Ω)

for any p > q.

(37)

Theorem 2.1. Assume in addition to the assumptions of Theorem 1.2 that p >
max(2, N ) and S0 − 1 ∈ W 2,p (Ω) ∩ H01 (Ω) and (10) are satisfied. Then there exists
a solution to (1)-(3) such that for any q, p > q > max(2, N ) and fixed T > 0
S − 1 ∈ C([0, T ]; Xqθ ) ∩ Lq (0, T ; D(Aq )) ∩ W 1,q (0, T ; Lq (Ω)).
Moreover, v = S − 1 is a mild solution satisfying
Z t
v(t) = e−At v0 +
e−A(t−s) F (1 + v(s), M (s))ds
0

and (13)-(14) are satisfied.
Proof. We first use the regularization (16)-(18) and then the compactness method
in a different functional analytic setting than that in Theorem 1.2. Assume that
S0 ∈ W 2,p (Ω) ∩ H01 (Ω) and M0,ε satisfies (18). Then v ε = S ε − 1 satisfies
Z t
v ε (t) = e−At v0 +
e−A(t−s) F (1 + v ε (s), M ε (s))ds .
(38)
0

Since for some C0 > 0 we have
kF (1 + v ε , M ε )kL∞ (0,T ;L∞ (Ω)) ≤ C0 ,

(39)

uniformly with respect to ε, we deduce from (38) (35), (37) and (34) that there is
a constant C 0 such that
sup kv ε (t)kXqθ ≤ C 0
t∈[0,T ]
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is satisfied uniformly with respect to ε. Now, similar arguments as in [24, Theorem 3.1 p.74]) combined with (39) and (34) yield
kv ε (t)kC β ([0,T ];Xqθ0 ) ≤ C 00
for some β ∈ (0, 1) , C 00 > 0 and θ0 such that θ < θ0 < 1 and (35)-(37) are satisfied
0
for θ replaced by θ0 . Since Ω is a bounded domain, Xqθ is compactly embedded in
Xqθ for θ < θ0 . We use the Arzela-Ascoli Compactness Theorem to conclude that
there is a subsequence (not relabeled) such that
ε→0

v ε −→ v

in C([0, T ]; Xqθ ) .

Using the same arguments as in the proof of Theorem 1.2, we may choose a subsequence such that
ε→0

M ε −→ M

in L2 ((0, T ; L2 (Ω) .

Therefore, the boundedness and regularity of F entail that
ε→0

F (1 + v ε , M ε ) −→ F (1 + v , M )

in Lq (0, T ); Lq (Ω)) .

On passing to the limit in (38), we obtain the mild solution v ∈ C([0, T ]; Xqθ ). By
the theory of maximal regularity for parabolic equations (cf. [4, Theorem 2.1]), we
infer that in fact
v ∈ Lq (0, T ; D(Aq )) ∩ W 1,q (0, T ; Lq (Ω)),

(40)

2− q2 ,q

(Ω). The latter condition is satisfied in our case since
provided v0 ∈ W
2
W 2,p (Ω) ⊂ W 2− q ,q (Ω). By obvious embedding, (40) holds also for q = 2, whence
S = v + 1 satisfies (11) and (13), and it is also an L2 -weak solution to (1). At last,
we notice that by the same reasons as in the proof of Theorem 1.2, M satisfies (12)
and (14), which completes the proof.
2.2. Uniqueness. The proof of Theorem 1.3 relies on the classical duality technique, which was also used in [18] for the case of chemotaxis equations with a
degeneracy of diffusion at the density threshold and no-flux boundary conditions.
We note that for the Poisson equation with Dirichlet boundary condition
− ∆u = f in Ω ,
u =

0

on ∂Ω,

(41)
(42)

given f ∈ L2 (Ω), we have u = (−∆)−1 f ∈ H 2 (Ω) ∩ H01 (Ω). It follows that ϕ =
(−∆)−1 f is a suitable test function in (14).
To shorten notation, we denote
hσ1 ,σ2 (M ) := d22 M σ1 (1 − M )σ2 .
We shall use the following lemma
Lemma 2.2. If
b
a
, σ2 ≥ 1 − .
2
2
then there exists a constant C0 > 1 such that
σ1 ≥ 1 +

(hσ1 ,σ2 (u) − hσ1 ,σ2 (v))2 ≤ C0 (u − v)(D(u) − D(v))
for any u , v ∈ [0 , 1] .

(43)
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Proof. Using (43) and the Cauchy-Schwarz inequality, we obtain
Z u
hσ1 ,σ2 (u) − hσ1 ,σ2 (v) =
h0σ1 ,σ2 (s)ds
v
Z u σ1 −1
s
(1 − s)σ2 −1
≤ |σ1 + σ2 |
D(s)1/2 ds
1/2 (s)
D
v
≤ |σ1 + σ2 | sup {sσ1 −1−b/2 (1 − s)σ2 −1+a/2 }
s∈[0,1]

Z

u

D(s)1/2 ds

v

≤ C(a, b, σ2 , σ1 )(u − v)1/2 ((D(u) − D(v))1/2
where C(a, b, σ1 , σ2 ) is a constant. Finally we set C0 =

p
C(a, b, σ1 , σ2 ) + 1.

Proof of Theorem 1.3. Let (S, M ) and (Ŝ, M̂ ) be two solutions to (1)-(3) in the
sense of Definition 1.1 and fix T > 0. We set
V (t, x) := S(t, x) − Ŝ(t, x) ,

U (t, x) := M (t, x) − M̂ (t, x) ,

in [0, T ] × Ω. In light of (5) and (7) and the regularity of functions g , f1 , f2 , there
exists a constant L > 0 such that for any 0 ≤ S , Ŝ , M , M̂ ≤ 1
|F (S , M ) − F (Ŝ , M̂ )|

≤ L(|V | + |U |) ,

(44)

|G(S , M ) − G(Ŝ , M̂ )|

≤ L(|hα,β (M ) − hα,β (M̂ )| + |S − Ŝ|) ,

(45)

Notice that U satisfies
Z t
Z tZ
h 

h∂t U, ψi ds =
− ∇ D(M ) − D(M̂ )
0
0 Ω

i
− hd,c (M ) − hd,c (M̂ ) ∇S − hd,c (M̂ ) ∇V · ∇ψ dxds
Z tZ 

+
G(S, M ) − G(Ŝ, M̂ ) ψdxds
0

(46)

Ω

for each ψ ∈ L2 (0, t; H01 (Ω)). Taking ψ = (−∆)−1 U in (46) we obtain
Z
Ω

|∇(−∆)−1 U (t)|2 dx

Z t
|∇(−∆)−1 U (0)|2 dx + 2
h∂t U, (−∆)−1 U ids
Ω
0
Z tZ


= 2
∆(−∆)−1 U D(M ) − D(M̂ ) dxds
0
Ω
Z tZ 

+ 2
hd,c (M ) − hd,c (M̂ ) ∇(−∆)−1 U · ∇S dxds
0
Ω
Z tZ
+ 2
hd,c (M̂ ) ∇(−∆)−1 U · ∇V dxds
0
Ω
Z tZ 

+ 2
G(S, M ) − G(Ŝ, M̂ )) (−∆)−1 U dxds.
Z

=

0

Ω

To find a bound for the last integral, we use the Poincaré inequality with a constant
CP (see e.g. [27, Theorem 11.11]). Then, using (44) (45) and the Young inequality,
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we obtain for each δ > 0 that
Z

|∇(−∆)−1 U (t)|2 dx
Z tZ


(M − M̂ ) D(M ) − D(M̂ ) dxds
≤−2
0
Ω
Z t
k∇SkL∞ k∇(−∆)−1 U kL2 khd,c (M ) − hd,c (M̂ )kL2 ds
+2
0
Z t
∞
k∇(−∆)−1 U kL2 k∇V kL2 ds
+ 2 khd,c kL (0,1)
0
Z t
+2
L(kV kL2 + khα,β (M ) − hα,β (M̂ )kL2 )k(−∆)−1 U kL2 ds
0
Z tZ


≤−2
(M − M̂ ) D(M ) − D(M̂ ) dxds
0
Ω
Z tZ
+δ
[(hd,c (M ) − hd,c (M̂ ))2 + (hα,β (M ) − hα,β (M̂ ))2 ]dxds
0
Ω
Z t
1
+
k∇Sk2L∞ k∇(−∆)−1 U k2L2 ds
δ 0
Z t
khd,c k2L∞ (0,1) Z t
+δ
k∇V k2L2 ds +
k∇(−∆)−1 U k2L2 ds
δ
0
0
Z t
Z t
2
L
C
P
k∇(−∆)−1 U k2L2 ds .
+δ
kV k2L2 ds +
δ
0
0
Ω

Since ∇S ∈ L∞ (0, T ; L∞ (Ω)) (this is a consequence of Theorem 2.1 and the embeddings (35),(36)), we obtain the further estimate
Z
Ω

|∇(−∆)−1 U (t)|2 dx
Z tZ
≤
{−2(M − M̂ )(D(M ) − D(M̂ ))
0

Ω

+ δ((hd,c (M ) − hd,c (M̂ ))2 + (hα,β (M ) − hα,β (M̂ ))2 )}dxds
khd,c k2L∞ (0,1) + L2 CP + k∇Sk2L∞ (0,T ;L∞ (Ω)) Z t
+
k∇(−∆)−1 U k2L2 ds
δ
0
Z t
+δ
kV k2L2 + k∇V k2L2 ds .
0

With Lemma 2.2 and δ <
Z
Ω

1
C0 ,

we obtain

|∇(−∆)−1 U (t)|2 dx
Z t

Z t
2
2
≤δ
kV kL2 + k∇V kL2 ds + C1 (T )
k∇(−∆)−1 U k2L2 ds,
0

0

(47)
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where C1 (T ) is a constant depending on khkL∞ (0,1) , L, CP and k∇SkL∞ (0,T ;L∞ (Ω)) .
It next follows from (2), (6) and the boundedness of M̂ , S and Ŝ on (0, T ) × Ω that
1 d
kV k2 2 + d1 k∇V k2L2 =
2 dt Z L
Z


V (f1 (S) − f1 (Ŝ)) + M̂ (f2 (S) − f2 (Ŝ)) dx +
f2 (S) U V dx
Ω
Ω
Z
≤ k(M̂ k∞ + 1)LkV k2L2 +
∇(−∆)−1 U · ∇ (f2 (S) V ) dx
Ω


d1
k∇V k2L2 + C2 (T ) kV k2L2 + (1 + k∇Sk2L∞ k∇(−∆)−1 U k2L2 ) ,
≤
2
where we have used (41)-(42) with f replaced by U , and C2 (T ) is a constant depending on the data. It follows that
Z
d1 t
2
kV (t)kL2 +
k∇V k2L2 ds
2 0
Z t


≤C2 (T )
kV k2L2 + 1 + k∇Sk2L∞ k∇(−∆)−1 U k2L2 ds .
0

Next, we add the above inequality and (47) for δ ≤ min {d1 /4, 1/C0 }. We deduce
that
kV (t)k2L2 + k∇(−∆)−1 U (t)k2L2
Z t


≤C3 (T )
1 + k∇Sk2L∞
kV k2L2 + k∇(−∆)−1 U k2L2 ds .
0

Since ∇S ∈ L∞ (0, T ; L∞ (Ω)) by Theorem 2.1, we finally use the Gronwall lemma
to obtain that V (t) = ∇(−∆)−1 U (t) = 0 for every t ∈ [0, T ], which completes the
proof.
3. Numerical simulations. Although the model (1)-(2) is formulated for a general three-dimensional setting, we restrict our simulations to the one-dimensional
case, for computational convenience and to allow a more straightforward presentation and discussion of the simulation results. The goal of our simulation study
will be to investigate the potential effect of chemotaxis in early stages of biofilm
colony formation, for a generic biofilm rather than a particular biological system.
We will do this by comparing simulations of the biofilm-chemotaxis model with the
simulations of the corresponding biofilm model without chemotaxis.
We simulate the model in a domain of length L = 0.5mm For the reaction part,
we use the functions F (S, M ) and G(S, M ) in (8) and (9). The parameters a, b, c, d
that describe the spatial movement of biomass and the new growth parameters
α, β are chosen in accordance with Theorem 1.3, to ensure existence of a unique
solution. The remaining growth kinetics parameters and the substrate diffusion
coefficient are taken from Benchmark Problem 1 of the International Water Association’s Taskgroup on Biofilm Modeling [32], where the maximum uptake rate k1
in (8) is compounded from the maximum specific growth rate k3 , a yield coefficient and the maximum cell density. The half saturation concentration k2 is chosen
clearly smaller than unity, i.e. we consider the case of biomass growth that is not
initially substrate limited. These parameters are kept constant for all simulations.
The biomass motility parameters d21 and d22 are varied to investigate different
scenarios. All model parameters are collected in Table 1.
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Table 1. Model parameters used in the simulations
parameter
symbol
system length
L
d1
substrate diffusion coefficient
biomass motility coefficient (diffusion)
d21
d22
biomass motility coefficient (chemotaxis)
maximum substrate uptake rate
k1
k2
half saturation concentration
maximum growth rate
k3
a
biomass diffusion exponent
biomass diffusion exponent
b
chemotaxis exponent
c
d
chemotaxis exponent
logistic growth exponent
α
logistic growth exponent
β

value
5 · 10−4
104
varied
varied
95238.1
0.2
6
0.5
4
3
3
3
0.8

unit
m
m2 d−1
m2 d−1
m2 d−1
d−1
–
d−1
–
–
–
–
–
–

The numerical method that we use in these simulations is a straightforward
adaptation of the semi-implicit Finite Volume Method [6] for the density-dependent
diffusion-reaction biofilm model. This method is able to deal with both the degeneracy and the singularity in the biomass diffusion equation with sufficient accuracy,
while requiring only moderate spatial refinement [6, 22]; in our simulations we use
200 grid points. In the numerical treatment the additional chemotaxis terms in (2)
are treated as convective terms with density dependent convective velocity.
The system which we simulate corresponds to a standard biofilm growth scenario.
We start with initial data with compact support. The region where M = 0 is the
aqueous phase, the region with M > 0 is the actual biofilm. Due to growth, both
regions change in time. We use the initial data

m0 L2 − r ≤ x ≤ L2 + r
S0 = 1 and M0 (x) =
(48)
0
else
with r = 0.05 ∗ L.
It is easy to verify that these symmetric initial data will lead to a symmetric
solution, which is unique if the conditions of Theorem 1.3 are met. This solution
will have Mx = Sx = 0 for x = L/2. Therefore the solution of the problem restricted
to the interval 0 < x < L/2 can be interpreted as the solution of the system with a
biofilm originally in a small pocket on a impermeable substratum at L/2. When we
present and discuss the solution we will, therefore, restrict ourselves to the interval
0 < x < L/2.
The nutrients are added into the system at x = 0, due to (4), i.e. at the boundary
on the opposite side of the substratum. Thus chemotaxis is expected to lead to
a faster expansion of the biofilm toward the nutrient source. A particularity, or
artefact, of the Dirichlet boundary conditions is that by virtue of the maximum
principle, a higher amount of biomass leads to steeper substrate gradients at the
boundary, i.e. to improved environmental conditions.
In Figure 1 we plot the solution S(t, x), M (t, x) of (1), (2), (4), (48) for biomass
motility coefficients d21 = d22 = 10−12 as surface data over the x-t-plane. In the
beginning, biomass growth is very slow and appears to be almost stationary. After
some time biomass density in the biofilm pocket starts increasing without the biofilm
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Figure 1. Biomass density M (t, x) (top panel) and substrate
concentration S(t, x) (bottom panel) as a solution of (1), (2), (4),
(48) with parameters according to Table 1 and biomass motility
coefficients d21 = d22 = 10−10 . The units in x direction are grid
point spacings ∆x = L/200, the units in t direction are output
timesteps ∆T = 2d.
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region expanding. Initially the biomass density increases faster in the outer layer
of the biofilm (close to the biofilm/aqueous phase interface) than in the inner layer
(at the substratum), due to higher nutrient availability and no pressure to diffuse.
Once the biomass density reaches values close to unity, the biofilm region starts
expanding and the biomass density attains a value M ≈ 1 in the interior of the
biofilm. The substrate concentration field coincides with the biomass density. It
attains its minimum at the substratum. The more biomass there is in the system
the lower is the substrate concentration. The substrate gradient at the boundary
x = 0 increases as biomass grows.
In order to assess the contribution of chemotaxis to biomass movement, relative to
diffusion, we plot in Figure 2 and Figure 3 the biomass densities for various choices
of the biomass motility coefficients. Together with the solution of our original model
(2) with d21 > 0, d22 > 0 we plot the solution of the corresponding biofilm model
without chemotaxis-term (d21 > 0, d22 = 0), i.e. the solution of


Mb
∇M
+ G(S , M ).
∂t M = ∇ · d21
(1 − M )a
In Figure 2 we show simulations of the model with the same biomass motility
coefficient for both processes, diffusion and chemotaxis, i.e. d21 = d22 . These
parameters range here from 10−12 to 10−8 . The left column of Figure 2 contains the
plots of M for the model with diffusion and chemotaxis, the right column contains
the solution for the model with diffusion only. The biomass motility coefficient
d21 controls how fast the biofilm region expands and to which maximum biomass
density it grows. For d21 = 10−12 , expansion is very slow and the biomass density
reaches values close to M ≈ 1 inside the biofilm (Figure 2.a). For d21 = 10−10 the
biofilm expands faster, still growing close to maximum cell density (Figure 2.b).
For the largest value, the biofilm expands quickly, but does not exceed values of
M ≈ 0.6 (Figure 2.c). This choice of parameters is therefore considered too big
to be realistic. In the cases of Figure 2.a,b, the solution of the model with and
without chemotaxis are virtually indistinguishable, indicating that chemotaxis does
not contribute noteworthy to biofilm formation in such cases. In the case of the
higher values d21 = d22 = 10−8 for the biomass motility coefficients we observe
differences in M , see Figure 2.c. Including chemotactic effects leads to a faster
growing biofilm structure; albeit with lower biomass density.
In Figure 3, we use different biomass motility coefficients d21 , d22 . In all cases
we choose the chemotactic motility coefficient to be higher than the diffusive one,
d21  d22 . Again, the solution of the diffusion-chemotaxis model is shown in the left
column, the solution of the model with diffusion only in the right column. We notice
distinct differences in the biomass densities of the models with and without chemotaxis, in the cases of Figure 3.a,c, where d22 = 10−8 but not so in Figure 3.b, where
d22 = 10−10 . In the case of Figure 3.a, with d21 = 10−12 and d22 = 10−8 chemotaxis leads to a very different biofilm structure than obtained by the model without
chemotaxis. The chemotactic effect pulls biomass toward the nutrient source and
leads to a biofilm that is much denser close to the biofilm/water interface than
in the inner layers close to the substratum. This could be understood as the 1D
analogy of mushroom type biofilm colonies in 2D/3D. In the case of Figure 3.c,
with d21 = 10−10 and d22 = 10−8 , on the other hand the differences are not as
pronounced, yet clearly visible. Interestingly, it appears that the biofilm without
chemotaxis grows bigger and denser in this case than the one with chemotaxis. The
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(a) d21 = d22 = 10−12
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(b) d21 = d22 = 10−10
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(c) d21 = d22 = 10−8
Figure 2. Comparison of the chemotaxis-diffusion biofilm model
(left column) with the diffusion-only biofilm model (right column).
Plotted are biomass densities M (t, x) for various biomass motility
coefficients for the case d21 = d11 . The units in x direction are grid
point spacings ∆x = L/200, the units in t direction are output
timesteps ∆T = 2d.

substrate concentration S(t, x) in all cases is similar as shown in Figure 1; these
data are omitted.
These simulations were repeated several times with different exponents of the
chemotaxis model, and with different initial data (smaller initial inoculum, or nonconstant biomass distribution in the inoculum). In all cases the results were qualitatively the same (data not shown). This suggests that early stages chemotaxis
will only affect biofilm structure quantitatively if the biomass motility coefficient
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(a) d21 = 10−12 , d22 = 10−8
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(b) d21 = 10−12 , d22 = 10−10
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(c) d21 = 10−10 , d22 = 10−8
Figure 3. Comparison of the chemotaxis-diffusion biofilm model
(left column) with the diffusion-only biofilm model (right column), continued. Plotted are biomass densities M (t, x) for various biomass motility coefficients for the case d21 < d22 . The units
in x direction are grid point spacings ∆x = L/200, the units in t
direction are output timesteps ∆T = 2d.

due to chemotaxis is substantially larger than the biomass motility coefficient due
to diffusive biomass spreading. In the simulations presented here it was required
that d22 = 10−8 in order to observe notable effects. It is reasonable to assume that
this parameter depends on the material properties of the particular biofilm (species
and environment), in particular of the EPS, in which cells are embedded, but also
parameters that describe the ability of the cells to move, e.g. by flagellar motion or
twitching motility.
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4. Conclusion. We presented and analysed a qualitative model for the initial formation of bacterial biofilms, with focus on early stages where chemotaxis could
potentially make a contribution to biofilm development. The model equation for
biomass includes degenerate and singular diffusion effects in biomass spreading, as
well as a nonlinear extension of the Keller-Segel chemotaxis model. We found conditions on diffusion and chemotaxis parameters for which the existence of a unique
(weak) solution can be established.
The first numerical simulations of the model that we conducted remained in
some sense as inconclusive as many experimental studies of chemotaxis effects in
biofilms. In particular our results indicate that whether or not chemotactic effects
affect biofilm formation might largely depend on the biomass motility coefficients
due to (nonlinear) diffusion and due to chemotaxis. The latter might depend on
the species and on the particular environment.
The model investigated here provides merely a mathematical framework to study
the interplay of biofilm-style combined degenerate and fast diffusion with degenerate
chemotaxis terms, but it is not tailored to a particular biological system. In fact
the system studied here is the simplest representative and should be considered
primarily a study of proof of mathematical concept. Of particular interest would be
to apply this concept to study biofilm formation in chemotactic response to signals
received from the substratum. This, however, requires an extension of the theory
developed here to a set of nonlinear Robin boundary conditions and to include
additional biofilm constituents.
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Equations Appl., 64, Birkhäuser, Basel, (2005), 273–290.
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